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Tutorial: Concept

What is different from image (object, face, ...) classification?

• area: speech and language:

typical tasks: ASR, HWR and MT

• sequence-to-sequence processing

– as opposed to isolated events/images

– sequence context is important

• models of sequence probabilities (ASR, HWR, MT):

– synchronization: FSM (HMM, CTC, transducer) and attention

– language model: captures the context of output sequence

• justification of approaches:

– Bayes decision rule and statistical framework

– (re-)visit training criteria

my presentation:

• appropriate framework:

– probabilistic/statistical modelling

– mathematical formalism and equations

• we emphasize historical context
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Lecture

some of today’s buzz words in deep learning

for automatic speech recognition (ASR) and machine translation (MT):

• ANN structures: MLP and (LSTM) RNN, transformer/conformer

• sequence-to-sequence modelling/systems/training

• CTC: connectionist temporal classification; transducer (RNN-T)

• end-to-end modelling/systems/training

• discriminative modelling/training

• ...

many of these methods: very successful

problems:

• lots of ’noisy’ experimental results,

of ’unorthodox’ ideas and of re-invented/re-named concepts

• important questions:

– how to filter out the ’noise’ in the experimental results?

– what are really fundamental (mathematical) principles that we can rely on?
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Lecture

• my experience over the last 40 years:

I will emphasize my interpretations and views (maybe controversial!)

• right starting point:

principles are given by Bayes decision theory

• many details that have to be filled in:

type of models, training criteria, etc.

• question:

how do deep learning methods fit into Bayes decision theory?

• tasks in machine learning/statistical classification:

– speech recognition

– machine translation (purely symbolic!) and other tasks in NLP

• yes, deep learning has been very successful,

but there has been, is and will be life outside deep learning!

note: ANN
?
= concatenation of (matrix-vector product + nonlinearity)
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Contents of Lectures

Part 1: Overview and Bayes Decision Theory

– speech and language technology

– seq-to-seq processing

– Bayes decision theory:

o loss functions for strings/sequences

o mismatch conditions: pseudo Bayes

Part 2: Models and Mathematical Details

– isolated events (no context): discriminative vs. generative modelling

baseline DNN = Gaussian posterior + feature extraction

– model structures for seq-to-seq processing:

generative, log-linear (CRF), direct model

– first-order models for sequence synchronization:

HMM, CTC, transducer (RNN-T), ...

– first-order models: training criteria revisited

– attention mechanism for synchronization

Part 3: Systems and Results

– ASR: some experimental results

– language models in ASR

– MT (machine translation): from signals to symbols
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1 Overview and Bayes Decision Theory

outline:

– speech and language technology

– seq-to-seq processing

– Bayes decision theory:

o loss functions for strings/sequences

o mismatch conditions: pseudo Bayes

(mismatch between model and true distribution)
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Tasks in Human Language Technology

Sequence-to-Sequence Processing

Automatic Speech Recognition (ASR)

(speech signal processing)

we  want to preserve this great  idea

Handwriting Recognition (HWR)

(image signal processing)

we  want to preserve this  great  idea

Machine Translation (MT)

(symbol or text processing)

wir   wollen diese  große  Idee  bewahren

  we  want to preserve  this  great  idea

more tasks:

– sign language (gesture) recognition

– syntactic or semantic tagging (NLU)

– ...
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Overview and History: ASR and HLT

terminology:

• speech: acoustic signal, spoken language

• language: text, sequence of characters, written language

• scientific disciplines: speech vs. language

– NLP: natural language processing (in the strict sense): written language only

– HLT: human language technology: spoken AND written language;

speech and language technology

• specific well-defined tasks in HLT:

– automatic speech recognition (ASR)

– text image recognition (printed and handwritten text) (HWR)

– machine translation (MT) (of language and speech)

characteristic properties of ASR: :

• well-defined ’classification’ tasks:

– due to 5000-year history of (written!) language

– well-defined classes: letters or words of the language

• easy task for humans

(at least in their native language!)

• hard task for computers

(as the last 50 years have shown!)
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Overview and History: HLT and AI

– AI: articifical intelligence:

a computer that performs human tasks like ASR and MT

– prototypical tasks of AI

– 1970-2010: rule-based approaches for AI

facts and formal derivations/proofs: like PROLOG programming

– (wide-range) success of artificial neural nets around 2012/2013: deep learning

today: AI = data-driven AI = deep learning
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Statistics and Machine Learning

common goals of both fields:

• analyze empirical data

• learn from data

differences in practice:

• orthodox statistics (and information theory):

– emphasis on theoretical analysis of data

– models with small number of parameters

– (ideally) closed-form solutions

• machine learning (pattern recognition, data-driven approaches):

– goal: build operational systems

with optimum practical performance

– large amounts of data

– models with millions of parameters

and with numeric solutions only

– important: efficiency of algorithms

– includes ANNs
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Large-Scale Projects 1984-2020

• SPICOS 1984-1989: speech recognition und understanding

– conditions: 1000 words, continuous speech, speaker dependent

– funded by German BMBF: Siemens, Philips, German universities

• Verbmobil 1993-2000: funded by German BMBF

– domain: appointment scheduling, recognition and translation,

German-English, limited vocabulary (8.000 words)

– large project: 10 million DM per year, about 25 partners

– partners: Daimler, Philips, Siemens, DFKI, KIT Karlsruhe, RWTH, U Stuttgart, ...

• TC-STAR 2004-2007: funded by EU

– domain: recognition and translation of speeches given in EU parliament

– task: speech translation: ASR + MT (+TTS)

– challenge: MT robust wrt ASR errors → data-driven methods

– first research prototype for unlimited domain and real-life data

· fully automatic, not real time

· without deep learning!

– partners: KIT Karlsruhe, RWTH, CNRS Paris, UPC Barcelona, IBM-US Research, ...

• GALE 2005-2011: funded by US DARPA

– recognition, translation and understanding for Chinese and Arabic

– largest project ever on HLT: 40 million USD per year, about 30 partners

– US partners: BBN, IBM, SRI, CMU, Stanford U, Columbia U, UW, USCLA, ...

– EU partners: CNRS Paris, U Cambridge, RWTH
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• BOLT 2011-2015: funded by US DARPA

– follow-up to GALE

– emphasis on colloquial language for Arabic and Chinese

• QUAERO 2008-2013: funded by OSEO France

– recognition and translation of European languages,

more colloquial speech, handwriting recognition

– French partners (23): Thomson, France Telecom, Bertin, Systran,

CNRS, INRIA, universities, ...

– German Partners (2): KIT Karlsruhe, RWTH

• BABEL 2012-2017: funded by US IARPA

– recognition (key word spotting) with noisy and low-resource training data

– rapid development for new languages (e.g. within 48 hours)

• EU projects 2012-2014: EU-Bridge, TransLectures

emphasis on recognition and translation of lectures (academic, TED, ...)

• EU ERC advanced grant 2017-2021:

emphasis on basic research for speech and language

my team at RWTH:

– PhD students learn to build fully-fledged systems for ASR and other HLT tasks

– later many of them work for the GAFAM+: Google, Apple, Facebook, Amazon, Microsoft + ...
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ASR and MT: Real-Life Applications and Tasks

• text generation (for professional users):

– text dictation and translation

– closed captioning (subtitles)

• content-based information access to unstructured data

(internet, archive, ...):

– audio/video documents (talks, lectures, call centers, meetings, ...)

– multilingual data (audio + text)

• personal communication in foreign languages:

human-to-human communication

• personal assistant (Siri, Cortana, Alexa, ...):

human-to-machine communication for queries and warehouse orders

• car navigation, smart home, ...

hardware products:

Amazon Echo, Google Home, Apple Homepod, Microsoft Invoke, ...
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ASR: first research 1975-1980

ASR is

sequence-to-sequence processing:

– sequence of

10-ms acoustic vectors

– sequence of sounds/phonemes

– sequence of letters

– sequence of words

problems:

– ambiguities at all levels

– interdependencies of decisions

approach 1975-1980

(Baker/CMU and Jelinek/IBM):

– score hypotheses using

probabilitistic modelling

– holistic approach:

Bayes decision rule

SPEECH SIGNAL

ACOUSTIC ANALYSIS

RECOGNIZED SENTENCE
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KNOWLEDGE SOURCES
SEARCH: INTERACTION OF 

                            KNOWLEDGE SOURCES

WORD  

PHONEME 
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PRONUNCIATION 
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Machine Learning and Bayes Decision Theory for HLT

• general principles formulated already in 1970s (or before):

textbook: [Duda & Hart 73, pp. 11-16]

not explicitly for string processing

• concept: imagine a "huge huge" database of (input,output) string pairs [x, c]:

[xr, cr], r = 1, ...R

• define empirical distribution: pr(x, c) =
1

R
·

R∑

r=1
δ(x, xr)δ(c, cr)

remarks:

– fully specified, no free parameters

– derived distributions: pr(c), pr(x), pr(c|x), pr(x|c)
– easy principle (i. e a "huge" table), but difficult implementation for strings

– simplifying assumption about input x: discrete rather than continuous-valued

• guessing game: knowing x guess c:

x → c = ĉ(x)

terminology:

classify the input data (ASR, HWR) or generate the output data (MT)
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• perfect solution is not possible:

– we want to convert a relation [x, c] into a function x → c = ĉ(x)

– for each pair [x, c], we want to compare: c
?
= ĉ(x)

and thus we need an error measure or loss function L[cr, ĉ(xr)], r = 1, ..., R

• popular error measures for strings

(sequence of symbols: words, subword units, graphemes/letters, phonemes):

– in general: 0/1 loss function = string error:

is the string correct as a whole?

– strings in ASR/HWR: WER = word ("symbol") error rate

WER = edit distance = errors: ins + del + sub

– strings in MT: TER = translation error rate

TER = edit distance + swaps of symbol groups

alternative: BLEU (more complex)

• key question: how to generate the output string?

– perfect solution is not possible

– best compromise: for each input x (which might exist in several pairs [x = xr, cr] ),

select an output that minimizes the expected loss/cost:

x → c∗(x) := argmin
c

{∑

c̃

pr(c̃|x) · L[c̃, c]
}

using the class posterior distribution pr(c|x) of the data
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Decision Rules: Bayes and Pseudo Bayes

• Bayes decision rule:

x → c∗(x) := argmin
c

{∑

c̃

pr(c̃|x) · L[c̃, c]
}

shortcomings in practice:

– difficult/impossible to store pr(c|x)
– generalization (from closed to open world): how to handle unseen inputs x ?

• replace the empirical distribution pr(c|x) by a model pϑ(c|x) ("pseudo Bayes")

with parameters ϑ to be learned from data (e. g. neural net):

x → cϑ(x) := argmin
c

{∑

c̃

pϑ(c̃|x) · L[c̃, c]
}

• special choice of loss function: 0/1 = string error:

L[c̃, c] = 1 − δ(c̃, c) ∈ {0, 1}
x → cϑ(x) := argmax

c

{

pϑ(c|x)
}

– terminology: MAP rule (MAP = maximum a-posteriori)

– starting point in most systems

– strictly speaking: adequate only for string error

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 19 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Decision Rule: Bayes and Pseudo Bayes

two conditions for guaranteed optimality:

– exact implementation of loss function

– the true distribution pr(c|x) is known

open issues:

– how to fill in the implementation details (e. g. search)?

– how to generalize towards unseen data (e.g. input string x)

and to replace the unknown distribution pr(c|x) by a model pϑ(c|x)?
– how to train the parameters ϑ of the model?

specific aspects considered here:

• loss function for strings:

exact loss vs. 0/1 loss

• mismatch conditions:

– replace true distribution pr(c|x) by a model pϑ(c|x)
– optimality of (pseudo) Bayes rule ?

– good training criterion: relation to loss ?
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Bayes Decision Rule and Loss Function

goal: to study the effect of the loss function

three types of outputs and associated loss functions:

• "atomic" output: system output has no ’internal structure’,

i. e. single symbols or string as a whole

• strings with synchronization:

loss function: Hamming distance based on normalized positions

(equivalent to symbol error for each position of output string)

• strings with no synchronization:

metric loss function: edit distance and generalizations

note minimalistic notation:

– single (class) symbol: c or cn
– several variables of the same type: c, c̃, c′, ...
– string of symbols: c or cN1 = c1...cn...cN
– decision rule generating an output: x → ĉ(x)
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Atomic Output: Weighted Errors

Bayes decision rule: x → ĉ(x) = argminc

{
∑

c̃ p(c̃|x) L[c̃, c]
}

with p(c|x) being either the true distribution pr(c|x) or a normalized model pϑ(c|x)

• baseline: no weights result in MAP rule:

L[c̃, c] = [1 − δ(c̃, c)]

x → ĉ(x) = ... = argmax
c

{
p(c|x)}

• assumption: weights αc depend on hypothesized class c:

L[c̃, c] = [1 − δ(c̃, c)] · αc

x → ĉ(x) = ... = argmin
c

{
αc ·

[
1 − p(c|x)]}

• assumption: weights βc̃ depend on correct class c̃:

L[c̃, c] = [1 − δ(c̃, c)] · βc̃

x → ĉ(x) = ... = argmax
c

{
βc · p(c|x)

}

remarks:

– loss function L[c̃, c] is not symmetric anymore!

– could be useful for information retrieval (e. g. content words)

– weights rarely used in practice
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Strings with Synchronization

assumption:

– positions n = 1, ..., N (including the length N ) are well defined by the task

– loss function for two strings: cN1 and c̃N1 with positions n = 1, ..., N :

correct string with symbols: c̃1 c̃2 ... c̃n−1 c̃n c̃n+1 ... c̃N−1 c̃N
| | | | | | | | |

hypothesized string with symbols: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

two types of errors and associated loss functions:

• string error: consider the string as a whole ("atomic" unit)

(with a suitable definition of the Kronecker delta for strings):

L[c̃N1 , cN1 ] = 1 − δ(c̃N1 , cN1 ) ∈ {0, 1}
loss function: 0/1 = error count at string level

• symbol error: count the symbol error in each position n

(terminology: Hamming distance):

L[c̃N1 , cN1 ] =
∑N

n=1[1 − δ(c̃n, cn)] ∈ {0, 1, ..., N − 1, N}
loss function: 0/1 = error count at symbol level in string context
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Strings with Synchronization

application:

• text image recognition with no segmentation problem:

no alignment problem and therefore no deletion/insertion errors

• isolated word recognition:

– recognize the spoken words

– no alignment problem and therefore no deletion/insertion errors

• acoustic labelling:

find correct phonetic (CART) label for each 10-ms acoustic frame

• part-of-speech (POS) tagging:

– assign word category to each (written) word

– similar: NER = named entity recognition (first step in NLU)

NE categories: date, time, number, organization, location, person, ...

• spelling correction (with synchronization!)

remarks:

– decision making in "context"

– good for mathematical analysis

– used in practice: POS and NER only
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Strings with Synchronization: Compute Symbol Error

Bayes decision rule:

xN
1 → ĉN1 (xN

1 ) = argmin
cN1

{∑

c̃N1

p(c̃N1 |xN
1 ) L[c̃N1 , cN1 ]

︸ ︷︷ ︸

:= L[cN1 |xN
1 ]

}

re-write the posterior loss (or risk) for output string cN1 and observation string xN
1 :

L[cN1 |xN
1 ] =

∑

c̃N1

p(c̃N1 |xN
1 ) L[c̃N1 , cN1 ] =

∑

c̃N1

p(c̃N1 |xN
1 )

∑

n

[1 − δ(c̃n, cn)]

=
∑

n

∑

c̃N1

p(c̃N1 |xN
1 ) [1 − δ(c̃n, cn)] =

∑

n

∑

c̃n

pn(c̃n|xN
1 ) [1 − δ(c̃n, cn)]

=
∑

n

[
1 − pn(cn|xN

1 )
]

with the symbol posterior probability pn(cn|xN
1 ) in position n:

pn(cn|xN
1 ) :=

∑

c̃N1 :cn=c̃n

p(c̃N1 |xN
1 )

question/exercise: how to compute pn(c̃n|xN
1 ) efficiently?
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Strings with Synchronization: Compute Symbol Error

correct string with symbols: c̃1 c̃2 ... c̃n−1 c̃n c̃n+1 ... c̃N−1 c̃N
| | | | | | | | |

hypothesized string with symbols: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

the posterior risk is decomposed over the positions n = 1, ..., N ,

and the same goes for the minimization procedure:

min
cN1

{
L[cN1 |xN

1 ]
}

= min
cN1

{∑

c̃N1

p(c̃N1 |xN
1 )

∑

n

[1 − δ(c̃n, cn)]
}

= ...

= min
cN1

{∑

n

[
1 − pn(cn|xN

1 )
]}

with pn(cn|xN
1 ) :=

∑

c̃N1 :cn=c̃n

p(c̃N1 |xN
1 )

=
∑

n

min
cn

[
1 − pn(cn|xN

1 )
]

=
∑

n

[1 − max
cn

pn(cn|xN
1 )

]

result: Bayes decision rule for minimum symbol error in each position n:

xN
1 → ĉn(x

N
1 ) = argmax

cn

{

pn(cn|xN
1 )

}

= argmax
cn

{ ∑

c̃N1 :cn=c̃n

p(c̃N1 |xN
1 )

}

interpretation: looks like decision rule for single symbol in position n
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Loss Functions/Decision Rules: String vs. Symbol Errors

correct string with symbols: c̃1 c̃2 ... c̃n−1 c̃n c̃n+1 ... c̃N−1 c̃N
| | | | | | | | |

hypothesized string with symbols: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

minimum string errors: xN
1 → ĉN1 (xN

1 ) = argmax
cN1

{p(cN1 |xN
1 )}

=
[

argmax
cn

{
max

c̃N1 :c̃n=cn

p(c̃N1 |xN
1 )

}]N

n=1

minimum symbol errors: xN
1 → ĉN1 (xN

1 ) =
[

argmax
cn

{pn(cn|xN
1 )}

]N

n=1

=
[

argmax
cn

{ ∑

c̃N1 :c̃n=cn

p(c̃N1 |xN
1 )

}]N

n=1

remarks:

• important conclusion: 50% rule:

if maxcN1
p(cN1 |xN

1 ) > 0.5, the two rules must produce the same decisions.

• maximum approximation in machine learning:

often the sum can often be replaced/approximated by its maximum term.
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Strings with no Synchronization

• no synchronization:

no definition of absolute positions of symbols within a string

• typical case: ASR/HWR: strings in ASR/HWR: WER = word error rate

WER = edit distance = errors: ins + del + sub

which involves a minimization procedure for the optimal alignment

• Bayes decision rule for generating a text string cN1 from a speech signal xT
1 :

xT
1 → ĉN̂1 (xT

1 ) = arg min
N,cN1

{ ∑

Ñ,c̃N1

p(Ñ, c̃N1 |xT
1 ) L[c̃Ñ1 , cN1 ]

}

= arg min
N,cN1

{ ∑

Ñ,c̃N1

p(Ñ, c̃N1 |xT
1 ) min

A
LA[c̃

Ñ
1 , cN1 ]

}

where A is the alignment in the edit distance LA between c̃Ñ1 and cN1

• strings in MT: TER = translation error rate

TER = edit distance + swaps of symbol groups

• mathematical analysis [Schlüter & Scharrenbach+ 05, Schlüter & Nussbaum+ 11]:

important property: is the loss function a metric (triangle inequality)?
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Bayes Decision Rule:

Does the exact form of the loss function matter?

• two forms of (pseudo) Bayes decision rule for a string pair (x, c):

general loss: x → ĉ(x) := argmin
c

{∑

c̃

p(c̃|x) · L[c̃, c]
}

0/1 loss: x → ĉ(x) := argmax
c

{

p(c|x)
}

• mathematical equivalence of the two rules

(see Appendix and [Schlüter & Scharrenbach+ 05, Schlüter & Nussbaum+ 11]):

– conditions: a metric loss function L[c̃, c] and

max
c

p(c|x) ≥ 0.5

– theoretical refinements beyond the threshold of 0.5

– experimental results: hard to find a difference

e. g. for high error rates: from 41% to 40%

• special case for edit distance: improvements beyond 50% threshold

by position-dependent symbol posterior probabilities

[Xu & Povey+ 10, Schlüter & Nussbaum+ 11]
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Visualization: Strings with/without Synchronization

given synchronization:

input vectors: x1 x2 ... xn−1 xn xn+1 ... xN−1 xN

| | | | | | | | |
output symbols: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

pn(c|xN
1 ) =

∑

cN1 :cn=c

p(cN1 |xN
1 )

missing synchronization:

input vectors: x1 x2 ... ... xt−1 xt xt+1 ... ... xT−1 xT

? ? ? ?

output symbols: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

pn(c|xT
1 ) = ??

∼=
∑

cN1 :cn=c

p(cN1 |ĉN1 , xT
1 )

by using a seed string ĉN1 = ĉN1 (xT
1 ) for approximative synchronization

(good for theoretical analysis, occasionally used in practice, e. g. sMBR)
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Overview: Classification Tasks and Associated Probabilities

overview of classification tasks and associated errors (loss functions):

• error for isolated event (x, c) : p(c|x)
• string error: strings as a whole (xT

1 , c
N
1 ):

p(cN1 |xT
1 )

• symbol errors in string context:

– synchronized input-output (xN
1 , cN1 ):

pn(c|xN
1 ) =

∑

cN1 :cn=c

p(cN1 |xN
1 )

– non-synchronized input-output (xT
1 , c

N
1 ):

pn(c|xT
1 ) = ??

∼=
∑

cN1 :cn=c

p(cN1 |ĉN1 , xT
1 )

(refinement used for sMBR etc.)

open and most important question:

how to structure and define p(cN1 |cT1 ) (chapter 3)
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Summary: Bayes Decision Rule:

Does the exact form of the loss function matter?

• basis of all loss functions (in ASR, HWR, MT):

count the symbol errors (with equal weights)

• strings with synchronization:

Hamming distance

• strings with no synchronization:

– ASR and HWR: edit distance

– MT: TER = WER + swaps of symbol groups

more complex: BLEU (=accuracy measure)

property: WER and TER satisfy metric properties

• example of non-metric loss:

Hamming or edit distance with weighted errors (rarely used)

• conclusions for (most) practical tasks, i. e. with no weights:

0/1 loss or MAP rule is sufficient

• conclusions for theoretical analysis:

symbol posterior probability of symbol c in position n (or "context")

pn(c|xT
1 )

plays a key role for strings with and without synchronization
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Bayes vs. Pseudo Bayes: Mismatch Conditions

conceptual problem with the pseudo Bayes approach:

– basic assumption: true distribution is known

– mismatch: we replace the true distribution by a (learned) model

– question: does the optimality of Bayes decison rule still hold?

mismatch conditions for 0/1 loss ([Ney 03] and Appendix):

• (huge) set of training data pairs: [xr, cr], r = 1, ...R

with empirical (= true) distributions, e. g. pr(c, x) = pr(x) · pr(c|x)
• (true) Bayes rule and associated classification error (loss) E∗:

x → ĉ∗(x) = argmax
c

{pr(c|x)}

E∗ =
∑

x

pr(x) ·
∑

c:c 6=ĉ∗(x)

pr(c|x) =
∑

x

pr(x) · pr(c 6= ĉ∗(x)|x)

• probability model pϑ(c|x) with set of parameters ϑ:

pseudo Bayes rule and associated classification error (loss) Eϑ:

x → ĉϑ(x) = argmax
c

{pϑ(c|x)}

Eϑ =
∑

x

pr(x) ·
∑

c:c 6=ĉϑ(x)

pr(c|x) =
∑

x

pr(x) · pr(c 6= ĉϑ(x)|x)
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Bayes vs. Pseudo Bayes: Mismatch Conditions

we distinguish the two types of classification error:

Eϑ =
∑

x

pr(x) · pr(c 6= ĉϑ(x)|x) = 1 −
∑

x

pr(x) · pr(c = ĉϑ(x)|x)

E∗ =
∑

x

pr(x) · pr(c 6= ĉ∗(x)|x) = 1 −
∑

x

pr(x) · pr(c = ĉ∗(x)|x)

= 1 −
∑

x

pr(x) · max
c

pr(c|x)

upper bound on the squared difference between these errors [Ney 03]

( = Kullback-Leibler divergence or relative entropy):

1/2 · [E∗ − Eϑ

]2 ≤
∑

c,x
pr(c, x) log

pr(c|x)
pϑ(c|x)

=
∑

c,x
pr(c, x) log pr(c|x) −

∑

c,x
pr(c, x) log pϑ(c|x)

suitable training criterion: minimize this upper bound over ϑ:

1/2 · [E∗ − Eϑ

]2 ≤
∑

c,x

pr(c, x) log pr(c|x) − max
ϑ

{∑

c,x

pr(c, x) log pϑ(c|x)
}
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Bayes Decision Theory: Training Criterion

we have derived the cross-entropy training criterion:

ϑ̂ = argmax
ϑ

{∑

c,x
pr(c, x) log pϑ(c|x)

}

= argmax
ϑ

{∑

r
log pϑ(cr|xr)

}

using the "huge" but finite set of pairs (cr, xr), r = 1, ..., R

defining the empirical distribution

considerations:

• resulting training criterion: cross-entropy

• relation to classification error:

– provides an upper bound on pseudo Bayes classification error

– assumption: 0/1 loss function, i. e. string errors

• fully fledged systems in ASR (also HWT and MT):

– symbol errors in a string (edit distance, ...)

– utilize a separate language model (in ASR: 100 Mio vs. 5 Mio words)

– training criterion: with or without language model

– with language model: sequence discriminative training (MMI)

(misleading) terminology:

– criterion as such: (virtually) always cross-entropy

– difference: type of output variable and structure of final model
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Statistical Decision Theory: Training Criteria

three training criteria providing upper bounds on classification error (see Appendix):

• unconstrained output: pϑ(c;x) ∈ IR

squared error:

ϑ̂ = argmin
ϑ

{∑

r

∑

c
[pϑ(c;xr) − δ(c, cr)]

2
}

• constrained output: 0 < pϑ(c;x) < 1

binary cross-entropy:

ϑ̂ = argmax
ϑ

{∑

r

(

log pϑ(cr;xr) +
∑

c 6=cr
log [1 − pϑ(c;xr)]

)}

• normalized ANN output:
∑

c pϑ(c|x) = 1

cross-entropy:

ϑ̂ = argmax
ϑ

{∑

r
log pϑ(cr|xr)

}

optimal solution in all three cases for saturated model:

p̂ϑ(c|x) = pr(c|x)

note: applies to ANY pair [x, c],

i. e. isolated events [vector,label] and [input string, output string]
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Machine Learning: Statistical Decision Theory

Training
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Test
Data

Probabilistic
Models

Performance Measure
(Loss Function)

 Training Criterion

Combinatorial Optimization
(Search)

Output

Parameter
Estimates

Evaluation

Numerical Optimization

Bayes Decision Rule
(Exact Form)
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Bayes Decision Theory and Machine Learning

principal ingredients:

• performance measure, error measure, cost function:

– how to judge the quality of the system output

– examples: ASR: edit distance; MT: TER or BLEU

• probabilistic models (with a suitable structure)

for capturing the dependencies within and between input and output strings:

– given synchronization: Markov chain, CRF, (LSTM) RNN, ...

– input/output synchronization: generative/hybrid HMM, CTC, RNN-T,

attention models, ...

• training criterion:

to learn the free model parameters from examples

– ideally should be linked to performance criterion

– two open questions: exact form of criterion? optimization strategy?

• Bayes decision rule: decoder/search

for generating the output word sequence

– combinatorial problem (efficient algorithms)

– should exploit structure of models

examples: dynamic programming and beam search, A∗ and heuristic search, ...

[Vintsyuk 68, Velichko & Zagoruyko 70, Vintsyuk 71] and [Sakoe & Chiba 71],

[DRAGON/HARPY 1975] and [Bridle 82, Ney 84, Ney & Haeb-Umbach+ 92]
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Pseudo Bayes Decision Rule: Sources of Errors:

Why does a ’Bayes’ decision system make errors?

To be more exact: Why errors IN ADDITION to the so-called Bayes errors,

i. e. the minimum that can be achieved?

Reasons from the viewpoint of (pseudo) Bayes decision rule:

• probability models:

– inadequate features/observations: e. g. spectral features vs. speech signal

– inadequate models: e. g. acoustic model or language model

• training conditions:

– poor training criterion:

does not have strong link to performance (e.g. WER)

– not enough training data

– mismatch conditions between training and test data

e. g. clean speech vs. noisy speech

• training criterion + efficient algorithm:

– suboptimal algorithm for training (e. g. gradient descent)

• decision rule:

– incorrect error measure, e. g. 0/1 loss

• decision rule + efficient algorithm:

– suboptimal search procedure, e.g. beam search or N-best lists
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Conclusions: What have we learned for ASR?

considerations (independent of

ANNs and deep learning):

• exact loss function:

– not important in testing

– more important in training

• training criterion:

– is important

– depends on prob. model

• numerical optimization:

very important (1990 vs. 2020!)

• search/generation:

more important for

low-accuracy conditions

• probabilistic model: most important

– synchronization: input/output strings

– separation of language/acoustic models

Training
Data

Test
Data

Probabilistic
Models

Performance Measure
(Loss Function)

 Training Criterion

Combinatorial Optimization
(Search)

Output

Parameter
Estimates

Evaluation

Numerical Optimization

Bayes Decision Rule
(Exact Form)
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2 Neural Networks and Deep Learning

2.1 Principles: NN Outputs and Probabilistic Interpretation

problem formulation:

• observation (= set of measurements) is given: x ∈ IRD

• task: find the unknown class c

• typical examples:

face recognition or recognition isolated handwritten digits

pragmatic approach: ’non-probabilistic’

• assume a discriminant or scoring function:

pϑ(c, x) ∈ IR

with set of free parameters ϑ (to be learned)

• decision rule: select the class with highest score (’similarity’):

x → ĉx := argmax
c

{

pϑ(c, x)
}
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Neural Networks

distinguish varying conditions for decision rule:

– atomic output: no context, isolated events (here): baseline MLP

– structured output: context of a string (see later): recurrent NN

neural network approach:

• basic operation:

matrix-vector product and component-wise nonlinearity

• concatenation of these basic operations

remarks:

– compare with discriminant function and polynomial classifiers in the 1970’s

– eight layers with polynomial activation function [Ivakhnenko 71]

– overview of history by [Schmidhuber 14]

my view of the scientific challenges:

• lots of ideas, many of them ’crazy’, been around for decades;

but do they work?

• experimental challenge:

make the ideas work in practice!

• theoretical challenge:

what is the exact relation to classification error (or loss function)?
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(Artificial) Neural Networks and Deep Learning

First Renaissance 1986-1996

first renaissance of ANNs around 1986

with various interpretations/justifications:

– human/biological brain

– massive parallelism

– mathematical viewpoint:

modelling ANY input-output relation

typical ANN structure:

MLP: feedforward multi-layer perceptron

with input, hidden and output layers

theoretical results (?):

one hidden layer should be sufficient (!?)

training: (hard) optimization problem with

millions of free parameters (= weights)
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Artificial Neural Networks (ANN) and Deep Learning:

Second Renaissance 2011 - today

question: what is different now after 30 years?

answer: we have learned how to (better) handle

a complex mathematical optimization problem:

• more powerful hardware

(e. g. GPUs)

• empirical recipies for optimization:

practical experience and heuristics,

e.g. layer-by-layer pretraining

• result: we are able to handle more

complex architectures

(deep MLP, RNN, LSTM-RNN, conformer, etc.)
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Classical Architecture:

Feedforward Multi-Layer Perceptron (FF-MLP)

task: classification with observation vector x ∈ IRD and associated class c

architecture: several layers

(feedforward links only, no recurrence)

• input layer: = observation vector x:

each node represents a vector component

• from input to first hidden layer:

– dot product for node pair:

= matrix-vector product for layer pair

– nonlinear activation function

• ... add more hidden layers ...

using the same operations

• from last hidden layer to output layer (like before):

– dot product (matrix-vector product)

– nonlinear activation function: typically with softmax normalization

• each output node represents a class c and its associated score pϑ(c, x)

with the set ϑ of all weights (parameters) of the FF-MLP.
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Activation Functions for ANN

examples of activation functions:

• sigmoid function (also called logistic function):

u → σ(u) =
1

1 + exp(−u)
∈ [0, 1]

• hyperbolic tangent:

u → tanh(u) =
exp(u) − exp(−u)

exp(u) + exp(−u)
∈ [−1, 1]

= 2σ(2u) − 1

– in principle: no difference between σ(·) and tanh(·)
– in practice: difference due to side effects

• rectifying linear unit (ReLU): u → r(u) = max{0, u}
• softmax function: generates normalized output (for probability distribution)

for each node c of the layer under consideration (typically: output layer):

uc → S(uc) =
exp(uc)

∑

c̃ exp(uc̃)
with

∑

c

S(uc) = 1.0
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Softmax: Terminology Revisited

original starting point: smoothing of the maximum operation of

real numbers uI
1 := u1, ...ui, ..., uI

define the S function (= weighted average):

Sα(u
I
1) :=

∑

i ui · exp(αui)
∑

i exp(αui)
=

∑

i

ui ·
exp(αui)

∑

j exp(αuj)
=

∑

i

ui · wi(α;uI
1)

with parameter α ∈ IR and the identities (verify!):

lim
α→∞

Sα(u
I
1) = max

i
{ui}

Sα=0(u
I
1) = 1/I ·

∑

i

ui

lim
α→−∞

Sα(u
I
1) = min

i
{ui}

relevant aspects of softmax operation for ANNs:

– exact re-normalization of weights:
∑

i wi(α;uI
1) = 1

– weights for limα → ∞ : wi(α;uI
1) → δ(i, i0) with i0 = argmaxi ui

– unrelated interpretation: posterior form of a Gaussian model (see later)
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Handwritten Digit Recognition: LeNet (Yann LeCun 1989-1996)

10 output units

layer H3

30 hidden units

layer H2

12 x 16 = 192

hidden units

layer H1

12 x 64 = 768

hidden units

256 input units

H2.12

H1.12

H2.1

H1.1

fully connected

~ 300 links

fully connected

~ 6000 links

~ 40000 links

from 12 kernels

5 x 5 x 8

~ 20000 links

from 12 kernels

5 x 5 
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Handwritten Digit Recognition: LeNet (Yann LeCun 1989-1996)
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Training Data and Empirical Distribution

training data: a (representative) sample of pairs (x, c):

(xn, cn), n = 1, ..., N

pr(x, c) :=
1

N

N∑

n=1

δ(x, xn) δ(c, cn)

with δ(·, ·) being Kronecker delta (or Dirac delta function for x ∈ IRD)

interpretations: histogram (or big table), counting, kernel density

consider a quantity h(x, c) and its expectation value E{h(x, c)}:

E{h(x, c)} =
∑

x

∑

c

pr(x, c) h(x, c)

=
∑

x

∑

c

1

N

N∑

n=1

δ(x, xn) δ(c, cn) h(x, c)

=
1

N

N∑

n=1

h(xn, cn) = empirical average of h(x, c)

note: the empirical distribution summarizes EVERYTHING about the training data

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 50 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Types of Empirical Distributions

• joint distribution of pairs (x, c):

pr(x, c) =
1

N
·

N∑

n=1

δ(c, cn) · δ(x, xn)

• marginal distribution over observations x:

pr(x) =
∑

c

pr(x, c) =
1

N
·

n∑

n=1

δ(x, xn)

• marginal distribution over classes c:

pr(c) =
∑

x

pr(x, c) =
1

N
·

N∑

n=1

δ(c, cn)

other name: class prior (or language model in ASR)

• (class) posterior distribution for x with pr(x) > 0:

pr(c|x) = pr(x, c)/pr(x)

• class conditional distribution over observations for c with pr(c) > 0:

pr(x|c) = pr(x, c)/pr(c)
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Empirical Distribution: Remarks on the Concept

advantage of using empirical distribution:

• compact representation

of the data: training or test data

• avoid the need

to worry about asymptotic limits

• interpretation:

– discrete observations: histogram or counting approach

– continuous-valued observations: Dirac delta function in lieu of Kronecker delta

smoothed variant: concept of kernel densities

– strings: concept works too (maybe not practical)

• implementation:

– easy for discrete and ’atomic’ variables

– hard for continuous-valued observations and strings

• conceptual view of decision rule:

convert training pairs (=relations) (xn, cn), n = 1, ..., N

to a functional dependence: (xn, ĉn = ĉxn)

using a suitable decision rule: x → c(x) (or ĉx)
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Training Criteria and Probabilistic Interpretation

we consider a generalized ANN, i.e. any discriminant or scoring function

ANN outputs and associated training criteria:

• unconstrained output: pϑ(c, x) ∈ IR

using squared error

• constrained output: pϑ(c, x) ∈ [0, 1]

using binary cross-entropy

• normalized output: pϑ(c|x) = pϑ(c, x) ∈ [0, 1] with
∑

c pϑ(c|x) = 1.0

using cross-entropy

preview of important results:

• ANN outputs are estimates of class posterior probabilities

• best possible optimum (i.e. global!) for ANN output:

p̂ϑ(c, x) = pr(c|x)

conditions:

– the ANN has enough degrees of freedom

– the global optimum is found
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Three Types of ANN Outputs

distinguish three types of ANN or discriminant outputs:

• unconstrained output: scoring function for x ∈ IRD: example

gϑ(c, x) = αc + λT
c x + xΛcx

T

– example: quadratic in x and linear in parameters ϑ = {αc ∈ IR, λc ∈ IRD,Λc ∈ IRD·D}
– general case: polynomial discriminant function [Ivakhnenko 71]

• constrained output: logistic regression (ANN: sigmoid function):

pϑ(c, x) =
1

1 + exp
[ − gϑ(c, x)

]

• normalized output: log-linear model (ANN: softmax):

pϑ(c|x) =
exp

[
gϑ(c, x)

]

∑

c′ exp
[
gϑ(c′, x)

]

note: the decision output does not change:

x → cϑ(x) = argmax
c

gϑ(c, x) = argmax
c

pϑ(c, x) = argmax
c

pϑ(c|x)
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Training Criterion: Squared Error

approach:

• assume an ANN model pϑ(c, x) ∈ IR with free parameters ϑ

(or any other discriminant structure) without any (normalization) constraint

• training concept for ideal outputs:

1 for correct class c = cn

0 for all rival classes c 6= cn

with training data: pairs [xn, cn], n = 1, ..., N

squared error criterion:

F (ϑ) :=
1

N

N∑

n=1

∑

c

[pϑ(c, xn) − δ(c, cn)]
2

=
∑

c′,x

pr(c′, x)
∑

c

[pϑ(c, x) − δ(c, c′)]2

using the empirical distribution of the training data:

pr(c, x) :=
1

N

∑

n

δ(c, cn)δ(x, xn)
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Squared Error: Proof

We re-write the squared error criterion:

F (ϑ) =
∑

x,c′
pr(c′, x)

∑

c

[pϑ(c, x) − δ(c, c′)]2

=
∑

x

pr(x)
∑

c′
pr(c′|x)

∑

c

[pϑ(c, x) − δ(c, c′)]2 =
∑

x

pr(x)F (ϑ|x)

using the LOCAL squared error F (ϑ|x):

F (ϑ|x) :=
∑

c

pr(c|x)
∑

c′

[

pϑ(c
′, x) − δ(c′, c)

]2

=
∑

c

pr(c|x)
∑

c′

[

p2
ϑ(c

′, x) − 2 pϑ(c
′, x)δ(c′, c) + δ2(c′, c)

]

=
∑

c

∑

c′

[

pr(c|x)p2
ϑ(c

′, x) − 2pr(c|x)pϑ(c
′, x)δ(c′, c) + pr(c|x)δ2(c′, c)

]

=
∑

c′
p2
ϑ(c

′, x) − 2
∑

c′
pr(c′|x)pϑ(c

′, x) + 1

= 1 −
∑

c

pr2(c|x) +
∑

c

[pr(c|x) − pϑ(c, x)]
2
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Identity for Squared Error: Minimalistic Proof

assumption: normalized distribution pc, arbitrary qc (can be negative!)

[Patterson & Womack 66, Bourlard & Wellekens 89]

we re-write the squared error criterion:

∑

c

pc

∑

c′
[qc′ − δc′c]

2 =
∑

c

pc

∑

c′

[
q2
c′ − 2 qc′ δc′c + δ2

c′c
]

= ... (carry out sums over c and c′)

=
∑

c

q2
c − 2

∑

c

pc qc + 1

=
∑

c

[qc − pc]
2 + 1 −

∑

c

p2
c

note: the absolute minimum of the squared error is the Gini index,

also referred to as residual error:

min
{qc}

{∑

c

pc

∑

c′
[qc′ − δc′c]

2
}

= 1 −
∑

c

p2
c
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Training Criterion: Squared Error

summary of re-writing the squared error:

F (ϑ) :=
1

N

N∑

n=1

∑

c

[pϑ(c, xn) − δ(c, cn)]
2

=
∑

c′,x

pr(c′, x)
∑

c

[pϑ(c, x) − δ(c, c′)]2

=
∑

x

pr(x)
(

1 −
∑

c

pr2(c|x) +
∑

c

[pr(c|x) − pϑ(c, x)]
2
)

training criterion for parameter ϑ :

ϑ̂ = argmin
ϑ

F (ϑ)

global optimum for an ANN pϑ(c, x) with full flexibility (enough degrees of freedom):

p̂ϑ̂(c, x) = argmin
{pϑ(c,x)}

F (ϑ) = pr(c|x)

note: normalization comes for free!
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Remark: Parametric vs. Non-Parametric Approaches

distinguish two types of modelling approaches:

• parametric approach: model based approach

with a specific functional dependence and ’some’ parameters ϑ:

ϑ̂ = argmin
ϑ

F (ϑ)

examples: discriminant functions

incl. ANNs and posterior forms of generative models (see later)

• non-parametric approach: = table of probabilities (counting approach):

free parameters are the entries of the table,

i. e. the probabilites (or their estimates) themselves:

p̂ϑ̂(c, x) = argmin
{pϑ(c,x)}

F (ϑ) = pr(c|x)

The same result is obtained for a ’fully saturated’ model,

i.e. a model with a flexible structure and sufficient number of free parameters.
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Squared Error Criterion: CART

decision trees or CART (classification and regression trees)

we apply the mimimum squared error criterion to CART

and obtain the Gini criterion as impurity function:

• CART: binary tree structure is used

– define equivalence classes for the input: x → gx
– result: discrete ’observations’ gx
– correct notation: replace x by gx in pr(c|gx) and pϑ(c, gx)

• model: saturated model, i. e. table of relative frequencies

• ’model/parameter’ learning for each split hypothesis (left/righ)

using minimum squared error criterion:

F (ϑ|x) = 1 −
∑

c

pr2(c|x) +
∑

c

[pr(c|x) − pϑ(c, x)]
2

argmin
{pϑ(c,x)}

F (ϑ|x) = pr(c|x)

min
{pϑ(c,x)}

F (ϑ|x) = 1 −
∑

c

pr2(c|x)

• result: the best split is selected according to the Gini criterion,

which is the residual error (= value of the minimum) for the squared error criterion.
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Squared Error Criterion: Quadratic Normalization

we have shown for a model with sufficient degrees of freedom:

optimum ANN output = class posterior of training data

under the conditions:

– standard normalization of the model output:
∑

c pϑ(c, x) = 1

– no normalization at all

we consider the case of quadratic normalization

∑

c

p2
ϑ(c, x) = 1

and re-write the squared error criterion:

F (ϑ) =
∑

c′,x

pr(c′, x)
∑

c

[pϑ(c, x) − δ(c, c′)]2

=
∑

x

pr(x)
(

1 −
∑

c

pr2(c|x) +
∑

c

[pr(c|x) − pϑ(c, x)]
2
)

= 2 ·
∑

x

pr(x)
(

1 −
∑

c

pr(c|x) pϑ(c, x)
)
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Squared Error Criterion: Quadratic Normalization

for quadratic normalization, we have shown:

F (ϑ) = 2 ·
∑

x

pr(x)
(

1 −
∑

c

pr(c|x) pϑ(c, x)
)

= 2 ·
(

1 −
∑

c,x

pr(c, x) pϑ(c, x)
)

training criterion for parameter ϑ :

ϑ̂ = argmin
ϑ

F (ϑ) = argmax
ϑ

{∑

c,x

pr(c, x) pϑ(c, x)
}

= argmax
ϑ

{∑

n

pϑ(cn, xn)
}

global optimum for the ANN pϑ(c, x) as a whole:

p̂ϑ̂(c, x) = argmin
{pϑ(c,x)}

F (ϑ) =
pr(c|x)

√∑

c′ pr
2(c′|x)

min
{pϑ(c,x)}

F (ϑ) = 2 ·
(

1 −
∑

x

pr(x)

√
∑

c
pr2(c|x)

)

result: a re-normalized class posterior (but not identical!)

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 62 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Training Criterion: Cross-Entropy

assumption: normalized ANN outputs (e.g. by softmax):

pϑ(c|x) > 0
∑

c

pϑ(c|x) = 1.0

note: different notation to express normalization

criterion: maximize the logarithm of the model posterior probability pϑ(cn|xn)

for labeled training data [xn, cn], n = 1, ..., N :

F (ϑ) :=
1

N

N∑

n=1

log pϑ(cn|xn) =
∑

c,x

pr(c, x) log pϑ(c|x)

=
∑

x

pr(x)
∑

c

pr(c|x) log pϑ(c|x)

using the empirical distribution of the training data (as above):

pr(c, x) :=
1

N

N∑

n=1

δ(c, cn)δ(x, xn)
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Training Criterion: Cross-Entropy

criterion is equivalent to (negative) cross-entropy:

F (ϑ) =
∑

c,x

pr(c, x) log pϑ(c|x)

training criterion for parameter ϑ :

ϑ̂ = argmax
ϑ

F (ϑ)

global optimum for the ANN pϑ(c|x) as a whole:

p̂ϑ̂(c|x) = argmax
{pϑ(c|x)}

F (ϑ) = pr(c|x)

note: normalized output is required!
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Cross-Entropy: Proof

consider the equivalent maximization problem:

∆F (ϑ) =
∑

x

pr(x)
∑

c

pr(c|x) log
pϑ(c|x)
pr(c|x)

=
∑

x

pr(x)
[∑

c

pr(c|x) log pϑ(c|x) −
∑

c

pr(c|x) log pr(c|x)]

terminology: (Kullback-Leibler) divergence between true and model distribution

terminology from information theory:

(self) entropy: −
∑

c

pr(c|x) log pr(c|x)

cross-entropy: −
∑

c

pr(c|x) log pϑ(c|x)

proof: use divergence inequality,

which holds for any two distributions pc and qc:

∑

c

pc log qc ≤
∑

c

pc log pc
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Divergence Inequality: Minimalist View

(useful for many optimzation problems)

consider two distributions pc, qc over a random variable c

divergence inequality:

∑

c

pc log
qc

pc

≤ 0

proof: use tangent of the logarithmic function u → log u in u = 1

rewrite the divergence inequality:

∑

c

pc log qc ≤
∑

c

pc log pc

therefore:

max
{qc}

{∑

c

pc log qc

}

=
∑

c

pc log pc

q̂c = pc
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Binary Cross-Entropy

problem with terminology [Solla & Levin+ 88]:

related names: relative divergence, relative (cross) entropy, ...

assumption: constrained ANN outputs:

0 < pϑ(c, x) < 1.0

binary cross-entropy criterion:

F (ϑ) :=
1

N

∑

n

(

log pϑ(cn, xn) +
∑

c 6=cn

log [1 − pϑ(c, xn)]
)

= ...

=
∑

x

pr(x)
∑

c

(

pr(c|x) log pϑ(c, x) + [1 − pr(c|x)] log [1 − pϑ(c, x)]
)

=
∑

x

pr(x)
∑

c

(

pr(c|x)
∑

c′
log [1 − |δ(c′, c) − pϑ(c

′, x)|]
)

binary problem: class c and its rival classes c̄ 6= c
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Binary Cross-Entropy: Proof

consider the equivalent maximization problem:

∆F (ϑ) :=
∑

x

pr(x)
∑

c

(

pr(c|x) log
pϑ(c, x)

pr(c|x) + [1 − pr(c|x)] log
1 − pϑ(c, x)

1 − pr(c|x)
)

terminology: binary divergence between binary versions of

true distribution and model distribution:

binary version: class c and its rival classes c̄

training criterion for parameter ϑ :

ϑ̂ = argmax
ϑ

F (ϑ)

global optimum for the ANN pϑ(c, x) as a whole:

p̂ϑ̂(c, x) = argmax
{pϑ(c,x)}

F (ϑ) = pr(c|x)

note: normalization is for free!

proof: by using binary variant of divergence inequality
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Training Criteria: Summary

important result:

best possible ANN outputs: true posterior probabilities pr(c|x)
of the training corpus

three training criteria:

– squared error for unconstrained ANN outputs

– binary cross-entropy for contrained ANN outputs

– cross-entropy for normalized ANN outputs

remarks:

• result is independent of any specific structure of the ANN,

i. e. correct for any discriminant function

• assumption: sufficient flexibility and parameters in the ANN

• result independent of any training strategy (e.g. type of backpropagation)

• generalization capability from training to test set: not addressed
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Preview: Training Criterion and Classification Error

open questions:

– what is the relation with the classification error?

– how can we achieve the minimum classification error?

relation between error rate and training criteria?

• we need a strict distinction:

– error rate for the true distribution: Bayes classification error E∗
– error rate for the learned distribution: model classification error Eϑ

(model distribution with parameters ϑ)

• we will prove later [Ney 03]:

each of the three training criteria gives a tight upper bound

to the squared difference between these two error rates

example: Kullback-Leibler divergence for cross-entropy criterion

(
E∗ − Eϑ

)2 ≤ 2 ·
∑

x

pr(x)
∑

c

pr(c|x) · log pr(c|x)
pϑ(c|x)
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Empirical Distribution: Generalization

interpretation of true distribution pr(c|x) or pr(x, c):

• central role: empirical distribution,

– it is non-zero only for the observed pairs (xn, cn) in the corpus

– for unseen pairs (x, c): pr(x, c) = 0

– for unseen observations x: pr(x) = 0

• assumption for future experiments:

approach should work for all inputs x

• the training corpus can cover only a very very tiny fraction of all possible inputs

consider the example of speech recognition:

1 sec of audio = 100 10-ms frames, each frame with a vector x ∈ IRD=50:

number of possible input strings:
((

28
)50

)100

= 28·50·100 = 240.000 ∼= 1012.000

concept of generalization:

• we want to define a model distribution pϑ(c|x)
for all future possible observations x

• to that purpose:

– we learn a model distribution from a representative corpus: training data

– we want to generalize to regions not seen in the training data

– therefore we need some structure in the model distributions pϑ(c|x)
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Training Criteria: Generalization

generalization: how well does the learned model work on new unseen data?

• regularization of weights: include an additive penalty in the

F
(

{ϑi}; [c, x]N1
)

+ γ ·
∑

i

ϑ2
i

interpretation:

– large weights should be avoided

– Bayesian interpretation: Gaussian prior for weights with zero means

terminology in backpropagation: weight decay

• Tikhonov regularization [Tikhonov & Arsenin 77]:

– outputs should be smooth in continuous-valued xn ∈ IRD

– include a penalty term:

F
(

{ϑi}; [c, x]N1
)

+ γ ·
∑

n

∑

c

∣
∣
∣

∣
∣
∣
∂pϑ(c, xn)

∂xn

∣
∣
∣

∣
∣
∣

2

– successful in image restoration (i.e. outside ANN)

– discussed for ANNs by [Bishop 95b]

– rarely used, but see for ASR [Chien & Lu 15]
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Training Criteria and Backpropagation

distinguish strictly:

• training criterion as such

• optimization strategies:

– one category: gradient search

– one subcategory: backpropagation

(as opposed to other variants, e.g. second-order methods)

based on chain rule of calculus for derivatives

gradient search (incl. backpropagation):

• we can only find a LOCAL optimum

• there may be a huge number of local optima;

but most of them seem to be equivalent

• experimental evidence: backpropagation is able to find

a local optimum that is typically ’good enough’

• generalization capability:

implicitly taken into account by cross-validation (early stopping) ?
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Training Criteria and Backpropagation

present variants of optimization strategy:

– backpropagation

– drop-out

– weight decay (= regularization of weights)

– concept of minibatches

– momentum term (recursive smoothing of gradient)

– ADAM: adaptive momentum estimation [Kingma & Ba, ICLR 2015]

– early stopping and cross-validation

– ...

note: there have been hundreds of variants

situation today:

– dominated by trial and error

– lack of a consistent theory

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 74 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



2.2 Cross-Entropy Training: Variants

main problem:

– cross-entropy training learns the class prior

– typical in ASR: the class prior comes from a language model

– question how to remove the class prior?

• pseudo posterior

• label smoothing

• explicit prior

• prior weighting

• contrastive loss
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Posterior and Pseudo Posterior

generative/joint model has a "natural(?) decomposition": p(x, c) = p(c) · p(x|c)
into class prior p(c) and class-conditional model p(x|c)
considerations on this decomposition:

– advantage: prior p(c) can be separated

relevance: different priors in training and testing

– problem: modelling p(x|c) is hard (as learning problem)

and cannot be modelled by ANNs due to normalization over x ∈ IRD

remedy: replace the class prior by a uniform class prior and define pseudo posterior p̃(c|x):

p̃(x, c) := 1/C · p(x|c) p̃(c|x) :=
1/C · p(x|c)

1/C · ∑c′ p(x|c′)
=

p(x|c)
∑

c′ p(x|c′)

we re-write the original posterior in terms of the pseudo posterior:

p(c|x) =
p(c) · p(x|c)

∑

c′ p(c
′) · p(x|c′) =

p(c) · p̃(c|x)
∑

c′ p(c
′) · p̃(c′|x)

advantage: structure/models with normalization over classes c,

which can be implemented by softmax in ANNs

remark: re-writing steps are possible

because the posterior is defined as a fraction "numerator/denominator"
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Posterior and Pseudo Posterior:

Towards Log-Linear Modelling

motivation: we want to balance the two models against each other

by introducing exponents α and β:

q(c) :=
p1/α(c)

∑

c′
p1/α(c′)

q̃(c|x) :=
p̃1/β(c|x)

∑

c′
p̃1/β(c′|x)

interpretation: the exponents control the ’concentration’ of the distributions

we re-write the posterior:

p(c|x) =
p(c) · p̃(c|x)

∑

c′
p(c′) · p̃(c′|x) =

qα(c) · q̃β(c|x)
∑

c′
qα(c′) · q̃β(c′|x)

important results for ANN structure with softmax output:

– can be derived from generative/joint model

– class prior can be separated

– allows interpretation as log-linear model
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Posterior and Pseudo Posterior:

From Single Events to Strings

joint distribution: from single events to strings:

p(xN
1 , cN1 ) = p(cN1 ) · p(xN

1 |cN1 )

remedy: re-write the posterior:

p(cN1 |xN
1 ) =

p(cN1 ) · p(xN
1 |cN1 )

∑

c′N1
p(c′N1 ) · p(xN

1 |c′N1 )
=

p(cN1 ) · p̃(cN1 |xN
1 )

∑

c′N1
p(c′N1 ) · p̃(c′N1 |xN

1 )

=

∏

n p(cn|cn−1
0 ) · p̃(cn|cn−1

0 , xN
1 )

∑

c′N1

∏

n p(c′n|c′n−1
0 ) · p̃(c′n|c′n−1

0 , xN
1 )

limited context: p̃(cn|cn−1
0 , xN

1 ) = p̃n(cn|cn−1, x
N
1 )

=

∏

n p(cn|cn−1
0 ) · p̃n(cn|cn−1, x

N
1 )

∑

c′N1

∏

n p(c′n|c′n−1
0 ) · p̃n(c′n|c′n−1, x

N
1 )

most important application in ASR:

– separating the language model from the acoustic model

– language model prior can be learned from text only,

i. e. without annotated data! (in ASR: 100+ Mio vs. 5 Mio words)
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Cross-Entropy with Label Smoothing

[Pereyra & Tucker+ 17]

extension of weights: (generalized) label smoothing

concept: replace δ(c, cn) by a distribution over all classes c:

∑

n

log p(cn|xn) =
∑

n

∑

c

δ(c, cn) log p(c|xn) →
∑

n

∑

c

w(c|cn) log p(c|xn)

special choice for weights with q(c) ≥ 0,
∑

c q(c) = 1:

w(c|cn) = (1 − λ) δ(c, cn) + λ q(c)
∑

c

w(c|cn) = 1

F
({p(c|x)}) =

1

N

∑

n

∑

c

w(c, cn) log p(c|xn)

=
1

N

(

(1 − λ)
∑

n

log p(cn|xn) + λ
∑

c

q(c)
∑

n

log p(c|xn)
)

= (1 − λ)
∑

x,c

pr(x, c) log p(c|x) + λ
∑

c

q(c)
∑

x

pr(x) log p(c|x)

=
∑

x

pr(x)
∑

c

[
(1 − λ) pr(c|x) + λ q(c)

]
log p(c|x)

solution: p̂(c|x) = (1 − λ) pr(c|x) + λ q(c)
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Inverse Prior Weighting

re-consider standard training:

θ̂ = argmax
θ

{∑

n

log pθ(cn|xn)
}

principles:

– take care of class prior pr(c) in training data

– method: assign weights (= 1/pr(c)) to each sample [xn, cn]

θ̂ = argmax
θ

{∑

n

1

pr(cn)
· log pθ(cn|xn)

}

= argmax
θ

{∑

x,c

pr(x, c)

pr(c)
· log pθ(c|x)

}

= argmax
θ

{∑

x,c

pr(x|c) · log pθ(c|x)
}

define: p̃r(c|x) :=
1/C · pr(x|c)

1/C · ∑c′ pr(x|c′)
=

1/C · pr(x|c)
p̃r(x)

= argmax
θ

{∑

x

p̃r(x)
∑

c

p̃r(c|x) · log pθ(c|x)
}

solution for fully saturated model: pseudo posterior:

q̂θ(c|x) = p̃r(c|x) =
pr(x|c)

∑

c′ pr(x|c′)
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Separated Prior

introduce specific structure into observation model:

p̂θ(c|x) =
pr(c) · qθ(c|x)

∑

c′ pr(c
′) · qθ(c′|x)

find the solution for qθ(c|x) by requiring:

p̂θ(c|x) !
= pr(c|x)

pr(c) · qθ(c|x)
∑

c′ pr(c
′) · qθ(c′|x)

!
=

pr(c) · pr(x|c)
∑

c′ pr(c
′) · pr(x|c′)

=

pr(c) · pr(x|c)
Q(x)

∑

c′ pr(c
′) · pr(x|c

′)

Q(x)

solution: pseudo posterior of p(x, c) = 1/C · pr(x|c):

q̂θ(c|x) =
pr(x|c)

∑

c′ pr(x|c′)
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Separated Prior: Implementation

two approaches to separating the prior:

• analytic approach: use standard ANN structure with single softmax:

p̂θ(c|x)

– train the model p̂θ(c|x) (without explicit priors pr(c))

– analytically correct the bias αc of the softmax by the prior pr(c)

• numerical approach: define ANN structure with double softmax:

p̂θ(c|x) =
pr(c) · qθ(c|x)

∑

c′ pr(c
′) · qθ(c′|x)

– define ANN structure with two re-normalizations

– train the model qθ(c|x) by backpropagataion
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Training Criterion: MMI - Contrastive Loss

MMI: Maximum Mutual Information (DRAFT - to be worked out)

consider definition of mutual information (dropping the log):

p(x, c)

p(x) · p(x) =
p(c|x)
p(c)

=
p(x|c)
p(x)

consider the MMI training criterion with training data (xn, cn), n = 1, ..., N

(generalized contrastive loss: re-normalization over all training data):

ϑ → F (ϑ) =
1

N
·
∑

n

log
pϑ(cn|xn)

1/N · ∑N
ñ=1 pϑ(cn|xñ)

= ... =
1

N
·
∑

n

log
pϑ(cn|xn)

pϑ(cn)

=
∑

x,c

pr(x, c) log
pϑ(c|x)
pϑ(c)

=
∑

x,c

pr(x, c) log
pϑ(x|c)
pr(x)

re-writing: using two basic components, we define a mixed joint probability:

pr(x) and pϑ(c|x) : pϑ(x, c) = pr(x) · pϑ(c|x)
and the associated (normalized!) probabilities:

pϑ(c) =
∑

x

pϑ(x, c) = 1/N ·
∑

n

pϑ(c|xn) pϑ(x|c) =
pϑ(x, c)

pϑ(c)
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Training Criterion: MMI - Contrastive Loss

(MMI: Maximum Mutual Information)

we have shown:

ϑ → F (ϑ) =
1

N
·
∑

n

log
pϑ(cn|xn)

1/N · ∑N
ñ=1 pϑ(cn|xñ)

=
∑

x,c

pr(x, c) log
pϑ(c|x)
pϑ(c)

=
∑

x,c

pr(x, c) log
pϑ(x|c)
pr(x)

= const(ϑ) +
∑

x,c

pr(x, c) log pϑ(x|c)

important result for this MMI criterion:

the class-conditional model pϑ(x|c) is being optimized,

without using the model directly!

comparison with Povey’s method:

– Povey computes the prior pϑ(c) afterwards,

not as part of the optimization procedure.

– no difference for ANN models with full degrees of freedom.
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2.3 Recurrent Neural Networks and Sequence Processing

so far: handling of (input, output) pairs (c, x) in isolation:

no internal structure in c or x (unlike sequences)

problem formulation: from single events to sequences

• consider a pair of synchronized input and output sequence over time t:

(ct, xt), t = 1, ..., T

with input vectors xt and class labels ct (with known string length T !)

• illustration:

observations xT
1 : x1 x2 ... xt−1 xt xt+1 ... xT−1 xT

| | | | | | | | |
class labels cT1 : c1 c2 ... ct−1 ct ct+1 ... cT−1 cT
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Illustration: Strings with Synchronisation

model with 1:1 correspondence between class labels cT1 and observations xT
1

(string length T is known):

observations xT
1 : x1 x2 ... xt−1 xt xt+1 ... xT−1 xT

| | | | | | | | |
class labels cT1 : c1 c2 ... ct−1 ct ct+1 ... cT−1 cT

typical problems:

– spelling correction: for letter substitutions only

– POS tagging (POS: parts of speech = word categories) and

semantic tagging for NLU

– frame labelling in ASR (incl. pronunciation and language models!)

and acoustic scores in hybrid HMMs

– recognition problems with no problems of boundary detection:

isolated words, printed character recognition, ...
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Recurrent Neural Network (RNN): Principle

principle:

– introduce a memory (or context) component to keep track of history

– result: there are two types of input: memory ht−1 and observation xt

equivalent interpretation: unfolding RNN over time:

feedforward network with a special DEEP architecture.
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Recurrent Neural Network (RNN)

operations from bottom to top:

• output vector: yt = pϑ(ct|xt
1) = S(V ht)

with output matrix V

• hidden layer: ht = σ(Uxt + Wht−1)

with hidden layer matrix U

and recurrence matrix W

• input vector: xt

interpretation: conditional probability of RNN:

p(ct|xt
1) = p(ct|ht−1, xt) = p(ct|ht)

with memory states ht that group all partial sequences xt
1 into equivalence classes
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Look-Ahead: Bidirectional RNN

[Schuster & Paliwal 97]

• no look-ahead in xT
1 : forward recurrence

• with look-head in xT
1 : add a backward recurrence

result: two separate hidden layers

Output Output

Forward

Hidden

Forward

Hidden

Backward

Hidden

Backward

Hidden

Input Input

t t +1
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Extension: LSTM RNN

extension of (simple) RNN by

LSTM: long short-term memory

[Hochreiter & Schmidhuber 97, Gers & Schraudolph+ 02]

• problems of simple RNN:

– vanishing gradients

– no protection of memory ht

• remedy by LSTM architecture:

control the access to its internal memory

by introducing gates/switches
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Long Short-Term Memory (LSTM) RNN

[Hochreiter & Schmidhuber 97, Gers & Schraudolph+ 02]

Input Gate

Output Gate

Net Input

Net Output

1.0

g

f

Cell State

Forget Gate

LSTM approach:

• separate (memory) cell state ct from

RNN net output vector ht

• overall LSTM operations involve three

’input’ vectors at time t: ct−1, ht−1, xt

• update operations at time t:

cell state: ct = ct(ht−1, ct−1, xt)

net output: ht = ht(ht−1, ct−1, xt)

output layer: yt = yt(ht) with softmax

• introduce three gates (input, output, forget)

to control the information flow

warning about notation: here ct is NOT a class label!
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Recurrent Neural Network (RNN):

Extension towards Long Short-Term Memory

add a memory cell vector ct to hidden state vector ht:
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Recurrent Neural Network:

Details of Long Short-Term Memory

forget
gate

input
gate

output
gate

net
input

tanh

ingredients:

– separate memory vector ct in addition to ht

– use of gates to control information flow

– (additional) effect: make backpropagation more robust
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forget
gate

input
gate

output
gate

net
input

tanh

definitions (4 ’hidden’ matrices and 1 output matrix):

– concatenation of vectors: x̃t := [ht−1, xt]

– always use bias/offset in dot product

– gates: component-wise multiplication

operations (without peephole connections):

– forget gate: ft = σ(Wf x̃t)

– input gate: it = σ(Wi x̃t)

– compute net input: nt = tanh(Wn x̃t) and update: ct = ft ⊙ ct−1 + it ⊙ nt

– output gate: ot = σ(Wo x̃t) and update: ht = ot ⊙ tanh(ct)

– LSTM output: yt = softmax(Wy ht)

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 94 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



LSTM Architecture

(obsolete)

implementation:

– three vectors (over time t): ct, st, xt

– gates (or switches): implemented as sigmoid function σ(·)
– full matrices (A2, R;Ai, Ri, Af , Rf , Ao, Ro) and diagonal matrices (Wi,Wf ,Wo)

– usual matrix and vector operations and element-wise multiplication ⊙
• Net Input (like update formula of simple RNN):

zt = tanh(A2xt + Rst−1)

• Should this Net Input zt access the Cell State ct?

Input Gate: it = σ(Aixt + Rist−1 + Wict−1)

• Should the Cell State ct−1 be forgotten?

Forget Gate: ft = σ(Afxt + Rfst−1 + Wfct−1)

• Based on it and ft, update the Cell State ct:

ct = ft ⊙ ct−1 + it ⊙ zt

• Should this update ct be outputted?

Output Gate: ot = σ(Aoxt + Rost−1 + Woct)

• Based on ot, compute the Net Output:

st = ot ⊙ tanh(ct)

Input Gate

Output Gate

Net Input

Net Output

1.0

g

f

Cell State

Forget Gate
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Recurrent Neural Network:

Alternative to LSTM: GRU = Gated Recurrence Units
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Interpretation of RNN Outputs

note: RNN includes LSTM RNN as a special case

two sequences over time t = 1, ..., T :

input: sequence of observations: xT
1 = x1...xt...xT

output: sequence of class labels: cT1 = c1...ct...cT

consider the posterior probabilty of the output string:

factorization over time t: p(cT1 |xT
1 ) =

T∏

t=1

p(ct|ct−1
0 , xT

1 )

marginalization for time t:
∑

cT1 :ct=c

p(cT1 |xT
1 ) = pt(c|xT

1 )

more ...

notation for RNN output vector with nodes = classes c = 1, ..., C:

yt = [yt(c)] = [pt(c|..., xT
1 )]

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 97 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Factorization of Conditional Probability p(cT1 |xT
1 )

• conditional independence in cT1 with look-ahead for xT
1 : p(cT1 |xT

1 ) =
∏T

t=1 pt

(
ct|xT

1

)

observations xT
1 : x1 x2 ... xt−1 xt xt+1 ... xT−1 xT

| | | | | | | | |
class labels cT1 : − − ... − ct − ... − −

• conditional dependence in cT1 without look-ahead in xT
1 : p(cT1 |xT

1 ) =
∏T

t=1 p
(
ct|ct−1

0 , xt
1

)

observations xT
1 : x1 x2 ... xt−1 xt − ... − −

| | | | | | | | |
class labels cT1 : c1 c2 ... ct−1 ct − ... − −

• conditional dependence in cT1 with look-ahead in xT
1 : p(cT1 |xT

1 ) =
∏T

t=1 p
(
ct|ct−1

0 , xT
1

)

observations xT
1 : x1 x2 ... xt−1 xt xt+1 ... xT−1 xT

| | | | | | | | |
class labels cT1 : c1 c2 ... ct−1 ct − ... − −

note: this is the most general case.
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RNN: Variant 1

uni-directional, no feedback of output labels

. . . yt−1 yt . . .

. . . ht−1 ht . . .

. . . xt−1 xt . . .

RNN output: marginal probability in position t with causal input xT
1

yt(c) = pt(c|xt
1)
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RNN: Variant 2

uni-directional, with feedback of output labels

. . . yt−1 yt . . .

. . . ht−1 ht . . .

. . . xt−1 xt . . .

RNN output: conditional probability in position t with causal input xT
1

yt(c) = pt(c|ct−1
0 , xt

1)
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RNN: Variant 3

bi-directional, no feedback of output label

. . . yt−1 yt yt+1 . . .

. . . ht−1 ht ht+1 . . .

. . . xt−1 xt xt+1 . . .

RNN output: marginal probability in position t with non-causal input xT
1

yt(c) = pt(c|xT
1 )

=
∑

cT1 :c=ct

p(cN1 |xT
1 )

note: if used for factorization,

conditional independence assumption of symbols cT1 is required.

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 101 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



RNN: Variant 3:Forward/Backward Hidden Layer

bi-directional, no feedback of output label

Internal Structure: Separate Forward and Backward Hidden Layers

. . . yt−1 yt yt+1 . . .

. . . h
−

t−1 h
−

t
h

−

t+1 . . .

. . . h
+

t−1 h
+
t

h
+

t+1 . . .

. . . xt−1 xt xt+1 . . .
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RNN: Variant 4

bi-directional, with uni-directional feedback of output label

. . . yt−1 yt yt+1 . . .

. . . ht−1 ht ht+1 . . .

. . . xt−1 xt xt+1 . . .

RNN output: conditional probability in position t with non-causal input xT
1

yt(c) = pt(c|ct−1
0 , xT

1 )

p(cT1 |xT
1 ) =

∏

t

pt(c|ct−1
0 , xT

1 )

note: most general case for factorization!
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RNN: Variant 5 (only theoretical?)

bi-directional, with bi-directional feedback of output label

. . . yt−1 yt yt+1 . . .

. . . ht−1 ht ht+1 . . .

. . . xt−1 xt xt+1 . . .

RNN output: "gap" probability in position t with non-causal input xT
1

yt(c) = pt(c|ct−1
0 , cTt+1, x

T
1 ) = pt(c|cT1 \ ct, x

T
1 )

note: this output cannot be used for factorization!
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Overview of RNN Outputs

label feedback no uni-direct. bi-direct.

uni-dir. RNN pt(c|xt
1) pt(c|ct−1

0 , xt
1) ——–

bi-dir. RNN pt(c|xT
1 ) pt(c|ct−1

0 , xT
1 ) pt(c|ct−1

0 , cTt+1, x
T
1 )

experiments: typically pt(c|xT
1 )
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Baseline RNN: Training

how to train the parameters ϑ of an RNN?

• typical case: posterior probability of an output string for a pair (xT
1 , c

T
1 ):

pϑ(c
T
1 |xT

1 ) =
∏

t

pϑ(ct|ct−1
0 , xT

1 )

log pϑ(c
T
1 |xT

1 ) =
∑

t

log pϑ(ct|ct−1
0 , xT

1 )

note: most general case of factorization

• cross-entropy criterion for a sequence of string pairs [Xn;Cn], n = 1, ..., N :

[Xn;Cn] = [xn1...xnt...xnTn; cn1...cnt...cnTn]

∑

n

log pϑ(Cn|Xn) =
N∑

n=1

Tn∑

t=1

log pϑ(cnt|cn,t−1
n0 , xnTn

n1 )

• conclusion:

– baseline form of cross-entropy criterion

– ’natural’ transition from a single string to a sequence of strings

• situations different from "baseline form" of cross-entropy criterion:

– sum criterion (as for CTC and RNN-T)

– separating the class prior from the class posterior
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Backpropagation for Baseline RNN

backpropagagtion for RNN:

– principle similar to feedforward multi-layer perceptron

– special type of dependence: as a result of recurrence:

parameter sharing (tying) across several layers

terminology: backpropagation through time

consider the training criterion or error function E = E(yT
1 ):

E := log p(cT1 |xT
1 ) = log

∏

t

p(ct|ct−1
0 , xt

1) =
∑

t

log p(ct|ct−1
0 , xt

1)

pt(c|ct−1
0 , xt

1) = yt = softmax
(
V ht

)
with ht = tanh

(
Uxt + Wht−1

)

partial derivative wrt an element w of the recurrence matrix W :

∂E

∂w
=

∂

∂w

∑

t

Et =
∑

t

∂Et

∂w

∂Et

∂w
=

∑

i

∂Et

∂yti

·
∑

j

∂yti

∂htj

· ∂htj

∂w
vector notation: =

∂Et

∂yt

· ∂yt

∂ht

· ∂ht

∂w

critical and tricky calculation: ∂ht

/
∂w
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Recurrent Neural Network (RNN): Backpropagation

To calculate the derivative ∂ht

/
∂w, we consider

and reformulate the recurrent dependence of ht on w:

w → ht(w) = ht(w, ht−1(w, ht−2(w, ht−3(w, ... ))))

w → Ht(w) = ht

(
w,Ht−1(w)

)

compute derivative ∂Ht/∂w:

∂Ht

∂w
=

∂ht

∂w
+

∂ht

∂Ht−1

· ∂Ht−1

∂w
∂Ht−1

∂w
=

∂ht−1

∂w
+

∂ht−1

∂Ht−2

· ∂Ht−2

∂w
∂Ht−2

∂w
=

∂ht−2

∂w
+

∂ht−2

∂Ht−3

· ∂Ht−3

∂w
= ...

=
t∑

τ=1

( t∏

t′=τ+1

∂ht′

∂Ht′−1

)

· ∂ht

∂w

note notation: matrix ∂ht′/∂Ht′−1 and vector ∂ht/∂w
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Recurrent Neural Network (RNN): Backpropagation

consider dependencies:

w → Ht(w) = ht

(
w,Ht−1(w)

)

= tanh(zt)

zt = Uxt + W · Ht−1

with component-wise operation tanh(zt)

derivative of tanh(z) for z ∈ IR: ∂
∂z

tanh(z) = 1 − tanh2(z)

compute derivative ∂ht/∂Ht−1:

∂ht

∂Ht−1

=
∂ht

∂zt
· ∂zt

∂Ht−1

= diag[1 − tanh2(zt)] · W

where the ’diagonalization’ is caused by the component-wise operation tanh(zt)

for the entries u of matrux U : similar result
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Summary: Backpropagation for RNN

dependencies:

w → Ht(w) = ht

(
w,Ht−1(w)

)

= tanh(zt)

zt = Uxt + W · Ht−1

overall result in both correct and sloppy notation:

∂Ht

∂w
=

t∑

τ=1

( t∏

t′=τ+1

∂ht′

∂Ht′−1

)

· ∂ht

∂w
(correct)

∂ht

∂w
=

t∑

τ=1

( t∏

t′=τ+1

∂ht′

∂ht′−1

)

· ∂ht

∂w
(sloppy)

∂ht

∂Ht−1

= diag[1 − tanh2(zt)] · W
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Historical Review: ANN and Deep Learning

• general concept:

– since 1960: general discriminant function for atomic decision/outputs

(not designed for strings and ASR)

– since 1986: specific MLP structure since 1986

• probabilistic interpretation of ANN outputs:

– general discriminant functions: [Patterson & Womack 66]

– ANNs for hybrid HMMs in ASR: [Bourlard & Wellekens 89, Ney 91]

• experimental success and deep learning:

– LeNet for digit image recognition: Le Cun 1989

– RNN for ASR: Robinson 1994

– systematic experimental success: only in 2011 (handwriting, speech, image)

– real improvements over competing methods

(like Gaussian, HMM, SVM, log-linear models, ...):

2009 Graves/handwriting; 2011 Hinton/TIMIT;

2011 Seide et al./hybrid LVCSR, Tuske et al./tandem LVCSR; 2012 computer vision
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3 Models and Mathematical Details

3.1 Single Events: Posterior Distribution and Softmax

outline:

– isolated events (no context): discriminative vs. generative modelling

softmax = posterior of a generative model: prior + Gaussian model

baseline DNN = Gaussian posterior + feature extraction

following subsections:

– model structures for seq-to-seq processing:

generative model, log-linear model (CRF), direct model

– first-order models for sequence synchronization:

HMM, CTC, RNN-T, ...

– training criteria revisited

– attention mechanism for synchronization
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Elementary Example: Gaussian Posterior

generative modelling: prior + Gaussian model

= joint Gaussian model p(x, c) for pairs (x, c) with x ∈ IRD and c = 1, ..., C:

p(x, c) = p(c) · p(x|c)
p(x|c) = N (x|µc,Σc)

with class dependent mean vector µc ∈ IRD and covariance matrix Σc ∈ IRD·D

=
1

√

det(2πΣc)
· exp

(

− 1

2
(x − µc)

tΣ−1
c (x − µc)

)

=
1

√

det(2πΣc)
· exp

(

− 1

2
xtΣ−1

c x + µt
cΣ

−1
c x − 1

2
µt

cΣ
−1
c µc

)

with superscript t: xt := tranpose of a vector x ∈ IRD

characteristic property of Gaussian model:

generalized (squared) Euclidean distance as argument of exponential function

conventional maximum likelihood estimation:

– p(c): relative frequency

– µc: empirical mean vector

– Σc: empirical covariance matrix
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Class Posterior Probability of a Gaussian Model

discriminative modelling:

class posterior probability using class priors p(c):

pϑ(c|x) =
p(c) · N (x|µc,Σc)

∑

c′ p(c
′) · N (x|µc′,Σc′)

=

p(c)√
det(2πΣc)

exp(−1
2
(x − µc)

tΣ−1
c (x − µc))

∑

c′
p(c′)√

det(2πΣc′)
exp(−1

2
(x − µc′)tΣ

−1
c′ (x − µc′))

=
exp(−1

2
xtΣ−1

c x + µt
cΣ

−1
c x − 1

2
µt

cΣ
−1
c µc − 1

2
log det(2πΣc) + log p(c))

∑

c′ exp(−1
2
xtΣ−1

c′ x + µt
c′Σ

−1
c′ x − 1

2
µt

c′Σ
−1
c′ µc′ − 1

2
log det(2πΣc′) + log p(c′))

=
exp(xtΛcx + λt

cx + αc)
∑

c′ exp(x
tΛc′x + λt

c′x + αc′)
=

1

Zϑ(x)
· exp (

αc + λT
c x + xTΛcx

)

with the normalization term Zϑ(x)(= pϑ(x))

and the parameters:

ϑ := {αc ∈ IR, λc ∈ IRD,Λc ∈ IRD·D}

remark: matrices Λc are defined to be symmetric!
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Class Posterior Probability of a Gaussian Model

summary of re-writing the Gaussian posterior:

pϑ(c|x) =
pϑ(c) · pϑ(x|c)

∑

c′ pϑ(c′) · pϑ(x|c′)
=

exp(xtΛcx + λt
cx + αc)

∑

c′ exp(x
tΛc′x + λt

c′x + αc′)

• EXACT equivalence [IEEE TASLP, Heigold & Ney 12] between

– posterior form of joint Gaussian model

– log-linear model with quadratic observations (features)

• important consequence: for the same model,

we can have different training criteria with training data [xr, cr], r = 1, ..., R:

– joint generative model: maximum likelihood:

max
ϑ

{∑

r

log pϑ(xr, cr)
}

= max
ϑ

{∑

r

log pϑ(cr) +
∑

r

log pϑ(xr|cr)
}

closed form solution: rel. freq., empirical mean vector, empirical covariance matrix

– class posterior of the model: (optimum) cross-entropy:

max
ϑ

{∑

r

log pϑ(cr|xr)
}

no closed form solution, but convex optimization problem

warning: often misleading terminology
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Prior/Bias Revisited: Posterior and Pseudo Posterior

definitions for a joint model: p(x, c) = p(c) · p(x|c)

p(c|x) =
p(c) · p(x|c)

∑

c′ p(c
′) · p(x|c′) =

p(c) · p̃(c|x)
∑

c′ p(c
′) · p̃(c′|x) with p̃(c|x) :=

p(x|c)
∑

c′ p(x|c′)

concept of pseudo posterior: assume a uniform prior: p(c) =
1

C

pseudo posterior of a Gaussian model:

p̃ϑ(c|x) =
1
C
· N (x|µc,Σc)

∑

c′
1
C
· N (x|µc′,Σc′)

=
N (x|µc,Σc)

∑

c′ N (x|µc′,Σc′)

=
exp

( − 1
2
xtΣ−1

c x + µt
cΣ

−1
c x − 1

2
µt

cΣ
−1
c µc − 1

2
log det(2πΣc)

)

∑

c′ exp
( − 1

2
xtΣ−1

c′ x + µt
c′Σ

−1
c′ x − 1

2
µt

c′Σ
−1
c′ µc′ − 1

2
log det(2πΣc′)

)

comparison with regular posterior pϑ(c|x):
– both posteriors have bias terms

– difference in bias terms: log p(c)
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Gaussian Posterior: Pooled Covariance Matrix → Softmax

pooled covariance matrix Σc = Σ: some terms cancel

pϑ(c|x) =
exp(µt

cΣ
−1x − 1

2
µt

cΣ
−1µc + log p(c))

∑

c′ exp(µ
t
c′Σ

−1x − 1
2
µt

c′Σ
−1µc′ + log p(c′))

=
exp(λt

cx + αc)
∑

c′ exp(λ
t
c′x + αc′)

important result:

– log-linear dependence on parameter vectors λc and bias αc

– exact equivalence: = softmax with weight vectors λc and bias αc
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Interpretation: ANN with Softmax Output

conventional view: consider MLP with softmax output:

• input layer: raw input vector z

• hidden layers perform feature extraction:

x = f(z)

with feature vector x ∈ IRD before output layer

note: no dependence on class labels c = 1, ..., C

• output layer: probability distribution over classes c

p(c|x) =
exp(αc + λt

c · x)
∑

c′ exp(αc′ + λt
c′ · x)

with output layer weights λc ∈ IRD and offsets (biases) αc ∈ IR

exact equivalence (for pooled covariance matrix):

ANN with softmax = Gaussian posterior + feature extraction

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 118 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



3.2 From Single Events to Strings: Model Structures

• string processing: pair of [input,output] strings (or sequences):

[xT
1 , c

N
1 ] xT

1 := x1...xt...xT cN1 = c1...cn...cN

• starting point for strings: posterior probability (sloppy notation)

pϑ(N, cN1 |xT
1 ) ≡ pϑ(c

N
1 |xT

1 ) =
∏

n

p(cn|cn−1
0 , xT

1 )

with sentence end symbol S: cN = S → p(cn|cn−1
0 , xT

1 ) = 0 n ≥ N

with unknown synchronization and unknown length N of output sequnece cN1

• we are facing three problems in string modelling:

– structural assumptions for string dependencies

– normalization requirement

– synchronization mechanism between input and output string

• concepts for normalization:

– factorization followed by local re-normalization

– global re-normalization followed by a factorization
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String-to-String Modelling: Concepts

overview:

– a large variety of models and combinations is possible

– here: selection of three most general concepts

concepts:

– separation of language models

– move from generative models to log-linear models

– factorization as a product of conditional probabilities

Why do we want to separate the language model?

language model: pϑ(c
N
1 ) or qϑ(c

N
1 ) := prior of output string cN1

justification: training conditions in ASR (similar in HWR and MT):

– annotated audio data, i. e. pairs of [xT
1 , c

N
1 ]:

500 hours of audio = 5 Mio words

– text (=output) data, i. e. text strings cN1 only:

100 Mio words
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String-to-String Modelling: Three Concepts - Overview

notation ϑ: full set of parameters (maybe 500 Mio!)

for both language model and observation model (typically: no sharing):

• generative model at sequence level (obsolete?):

pϑ(c
N
1 |xT

1 ) :=
pϑ(x

T
1 , c

N
1 )

∑

Ñ,c̃Ñ1
pϑ(x

T
1 , c̃

Ñ
1 )

=
pϑ(c

N
1 ) · pϑ(x

T
1 |cN1 )

∑

Ñ,c̃Ñ1
pϑ(c̃

Ñ
1 ) · pϑ(x

T
1 |c̃Ñ1 )

with the concept of a JOINT model pϑ(x
N
1 , cN1 )

(which imitates the empirical distribution!)

• log-linear model at sequence level (additional parameters α and β)

(with re-normalization; CRF=conditional random field):

pϑ(c
N
1 |xT

1 ) :=
qα
ϑ(c

N
1 ) · qβ

ϑ(c
N
1 |xT

1 )
∑

Ñ,c̃Ñ1
qα
ϑ(c̃

Ñ
1 ) · qβ

ϑ(c̃
Ñ
1 |xT

1 )
=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 xT
1 )

∑

Ñ,c̃Ñ1

∏

n qα
ϑ(c̃n|c̃n−1

0 ) · qβ
ϑ(c̃n|c̃n−1

0 , xT
1 )

with independent positive (normalized) models qϑ(c
N
1 ) and qϑ(c

N
1 |xT

1 )

• direct model using factorization: = log-linear model at symbol level:

pϑ(c
N
1 |xT

1 ) =
∏

n

pϑ(cn|cn−1
0 , xT

1 ) =
∏

n

qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∑

c̃n
qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

advantage: easy re-normalization unlike sequence level
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String-to-String Modelling: Three Concepts - Remarks

generative and generalized model:

• re-normalization at string level:

– requires a sum over all strings

– difficult problem with specific approximations/simplifications

• Bayes decison rule:

sum over all strings in denominator is NOT required!

• acoustic model (hybrid HMM, CTC, transducer/RNN-T, ...):

– often limited context, e. g.: qϑ(cn|cn−1
0 , xT

1 ) = qϑ(cn|cn−1, x
T
1 )

maybe left and right context: qϑ(cn|cn−1, cn+1, x
T
1 )

– note neural attention: different (?)

• training criterion: cross-entropy at sequence level

– denominator IS required

– case of generative model:

approximation: drop denominator → maximum likelihood for strings

– case of log-linear model: see later
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String-to-String Modelling: Mathematical Details

log-linear modelling:

• sentence-level (or global) re-normalization:

pϑ(c
N
1 |xT

1 ) :=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∑

Ñ,c̃Ñ1

∏

n qα
ϑ(c̃n|c̃n−1

0 ) · qβ
ϑ(c̃n|c̃n−1

0 , xT
1 )

Bayes decision rule:

xT
1 → ĉN̂1 (xT

1 ) = argmax
N,cN1

{

pϑ(c
N
1 |xT

1 )
}

= argmax
N,cN1

{

log pϑ(c
N
1 |xT

1 )
}

= argmax
N,cN1

{∑

n

[
α · log qϑ(cn|cn−1

0 ) + β · log qϑ(cn|cn−1
0 , xT

1 )
] − const(cN1 )

}

= argmax
N,cN1

{∑

n

[
α · log qϑ(cn|cn−1

0 ) + β · log qϑ(cn|cn−1
0 , xT

1 )
]}

warning: looks like LOCAL combination, but is based on GLOBAL re-normalization

• symbol-level (or local) re-normalization:

pϑ(c
N
1 |xT

1 ) :=
∏

n

qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∑

c̃n
qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∏

n

∑

c̃n
qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

note: (dis)similarity to global re-normalization
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String-to-String Modelling: Mathematical Details

• sentence-level (or global) re-normalization:

pϑ(c
N
1 |xT

1 ) :=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∑

Ñ,c̃Ñ1

∏

n qα
ϑ(c̃n|c̃n−1

0 ) · qβ
ϑ(c̃n|c̃n−1

0 , xT
1 )

• symbol-level (or local) re-normalization:

pϑ(c
N
1 |xT

1 ) :=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∏

n

∑

c̃n
qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

=

∏

n qα
ϑ(cn|cn−1

0 ) · qβ
ϑ(cn|cn−1

0 , xT
1 )

∑

Ñ,c̃Ñ1

∏

n qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

remark: analyze notation and compare with global re-normalization

Bayes decision rule:

xT
1 → ĉN̂1 (xT

1 ) = argmax
N,cN1

{

pϑ(c
N
1 |xT

1 )
}

= argmax
N,cN1

{∑

n

log pϑ(cn|cn−1
0 , xT

1 )
}

= argmax
N,cN1

{∑

n

[
α · log qϑ(cn|cn−1

0 ) + β · log qϑ(cn|cn−1
0 , xT

1 )

− log
∑

c̃n
qα
ϑ(c̃n|cn−1

0 ) · qβ
ϑ(c̃n|cn−1

0 , xT
1 )

]}

?∼= argmax
N,cN1

{∑

n

[
α · log qϑ(cn|cn−1

0 ) + β · log qϑ(cn|cn−1
0 , xT

1 )
]}
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3.3 Seq-to-Seq Processing: Synchronization and HMM Formalism

First-Order Models for ASR Sequence Synchronization:

such as hybrid HMM, CTC, (RNN-)Transducer, ...

– common mathematical framework: first-order dependences

– differences in details: labels, transitions, etc.

starting point: log-linear model at sequence level:

pϑ(c
N
1 |xT

1 ) :=
qα
ϑ(c

N
1 ) · qβ

ϑ(c
N
1 |xT

1 )
∑

Ñ,c̃Ñ1
qα
ϑ(c̃

Ñ
1 ) · qβ

ϑ(c̃
Ñ
1 |xT

1 )

notation for ASR: words consist of smaller units:

– sequence of segments/phonemes/letters: aS
1 = a1...as...aS

– whole word sequence: W = aS
1

pϑ(W |xT
1 ) :=

qα
ϑ(W ) · qβ

ϑ(W = aS
1 |xT

1 )
∑

W̃ qα
ϑ(W ) · qβ

ϑ(W̃ = ãS
1 |xT

1 )

– next step: explicit structure for qβ
ϑ(W = aS

1 |xT
1 )
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First-Order Models: Hidden Markov Model (HMM)

– sequence of acoustic vectors:

X = xT
1 = x1...xt...xT over time t

– sequence of states s = 1, ..., S

sT1 = s1...st...sT over time t

with associated state labels:

aS
1 = a1...as...aS

= W : word sequence

objective of HMM: time alignment

= synchronization between input and output
time

A

L

E

X

• classical HMM: generative model for xT
1 :

qϑ(x
T
1 |W = aS

1 ) =
∑

sT1

∏

t
q(st|st−1,W, ϑ) · qt(xt|as=st, ϑ)

• hybrid HMM: model of label posterior sequence aS
1 :

qϑ(W = aS
1 |xT

1 ) =
∑

sT1

∏

t
q(st|st−1,W, ϑ) · qt(as=st|xT

1 , ϑ)

machine learning point-of-view: it is easier to model qt(as|xT
1 , ϑ) than qt(xt|as, ϑ)

HMM: [Bourlard & Wellekens 89], CTC: [Graves & Fernandez+ 06], RNN-T: [Graves 12]
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Label Posterior Probability

key quantity: frame label posterior at time t

over labels a = as for state/segment s:

qt(a|xT
1 ) ≡ qt(a|xT

1 , ϑ)

ANN modelling:

– MLP with window around t: qt(a|xt+δ
t−δ)

– bi-direct. (LSTM) RNN: full context xT
1

– transformer/conformer structures:

full context xT
1

time

A

L

E

X

illustration:

acoustic vectors: x1 x2 ... xt−1 xt xt+1 ... xT−1 xT

| | | | | | | | |
label posteriors: − − ... − qt(a|xT

1 ) − ... − −
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From HMM to CTC

time t

s
t
a
t
e

s

A

L

E

X

Time

X

X

E

E

L

L

A

ε

ε

ε

ε

ε
ε

ε
ε

ε

HMM with no skips: segmentation

• output labels: segments

• introduce a special symbol:

ǫ: empty symbol, garbage or blank symbol, don’t care symbol

also used for silence portions

• choice (within sequence constraints given by aS
1 ):

frame labels for each segment s with label as:

– one or more label as

– and the rest will be ǫ
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From HMM to CTC

• result:

– structural constraints on transitions

– no transition probabilities

• posterior distribution over frame labels yt = as:

qθ(yt = as|xT
1 ) with

∑

yt∈{a}∪ ǫ

qθ(yt|xT
1 ) = 1

interpretation (?): due to special symbol ǫ, transition probabilities are not needed

• CTC model:

qϑ(W = aS
1 |xT

1 ) =
∑

sT1

∏

t
qϑ(yt = ast|xT

1 )

and structural constraints on transitions st−1 → st

• compare with general hybrid HMM:

qϑ(W = aS
1 |xT

1 ) =
∑

sT1

∏

t
qϑ(st|st−1,W ) · qϑ(yt = ast|xT

1 )
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CTC: Connectionist Temporal Classification
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analysis (mathematical and experimental):

the optimum solution will have the tendency

to produce a maximum number of ǫ
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CTC: Interpretation

from segment labels to frame labels:

• sequence aS
1 of segment labels for S = 3:

A B C

operation: repeat a symbol or insert ǫ

• some possible sequences yT
1 ∈ [

aS
1

]

of frame labels for T = 9:

A A A B B B B C C

A ǫ ǫ B ǫ ǫ ǫ C ǫ

ǫ ǫ A ǫ B C ǫ ǫ ǫ

ǫ ǫ A ǫ B ǫ ǫ C ǫ

ǫ ǫ A ǫ B B ǫ C ǫ

• analysis (mathematical and experimental):

the optimum solution will have the tendency

to produce a maximum number of ǫ
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RNN-T: RNN Transducer
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from CTC to RNN-T: define model:

– each true symbols (i. e. other than ǫ) occurs exactly once:

assigned to forward transitions only

– dependence on output context:

full context: qϑ(yt = as|as−1
0 , xT

1 )

limited context: k predecessor symbols: qϑ(yt = as|as−1
s−k−1, x

T
1 )

typical assumption here: context = 1 or 0

terminology:

– general case: RNN-T: could have vertical transitions [Graves 12]

– RNN Aligner (RNN-A): no vertical transitions [Sak & Shannon+ 17]

– transducer: without RNN (on output side)
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Revisit the Mathematical Problem:

From Frame Labels to Segment Labels

• consider sequence of frame labels over t = 1, ..., T :

(allophonic/CART labels, phonemes, letters,...):

yT
1 = y1...yt...yT

specific condition in ASR:

phoneme = 90 msec = 9 · 10-msec frames

• goal: convert frame sequence to segment sequence:

yT
1 = aaabbcccc → aS

1 = aS
1 (y

T
1 ) = ?

definition: segment := repeated frame labels

• example: sequence of frame labels:

yT
1 = aaabbcccc → aS

1 = ?

possible associated segment sequences aS
1 :

abc aabc abcc

time
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X

time t

s
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s

• conclusions:

– a posterior model q(yT
1 |xT

1 ) alone is not sufficient for specifying the problem

– in addition: we need some segmentation information

– formalism: segmentation path sT1 with t → s = st:

(sT1 , y
T
1 ) → aS

1 with: ast = yt
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From Frame Labels to Segment Labels:

Posterior HMM – Formalism

• three levels of sequences:

xT
1 → (sT1 , y

T
1 ) → aS

1

• segment sequence posterior probability:

include path sT1 as a hidden variable:

q(aS
1 |xT

1 ) :=
∑

sT1

q
(
sT1 ,

[
yt = ast

]T

t=1

∣
∣xT

1

)

=
∑

sT1

q
(
sT1 , a

S
1

∣
∣xT

1

)

formalism: HMM or FSM (finite-state machine)

time
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time t
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• general concept of first-order finite FSM/HMM:

assume first-order dependence on sT1
and factorize over frame times t and segment positions s:

q(sT1 , a
S
1 |xT

1 ) =
∏

t

q
(
st, yt = ast

∣
∣st−1, ..., x

T
1

)
=

∏

s

∏

t:s=st

q
(
st, yt = as

∣
∣st−1, ..., x

T
1

)
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Posterior HMM (without ǫ)

consider segment/state s with label as:

• basic step: leaving [t, s]:
transition [t, s = st] → [t + 1, st+1 = st + δt]:
– first: generate label yt = as

– then: decide δt = 0/1: stay in / leave segment s?

• all frames but last: q(yt = as, δt = 0|xT
1 )

with δt = 0: stay in segment

• last frame: q(yt = as, δt = 1|xT
1 )

with δt = 1: leave segment

re-write posterior HMM probability:

q(aS
1 |xT

1 ) =
∑

sT1

q(aS
1 , s

T
1 |xT

1 ) =
∑

sT1

∏

t

q(yt = ast, st+1|st, xT
1 )

define transition variable: δt := st+1 − st

=
∑

sT1

∏

t

q(yt = ast, δt|xT
1 ) =

∑

sT1

∏

s

∏

t:s=st

q(yt = as, δt|xT
1 )

specific assumptions:

q(yt = as, δ|xT
1 ) ≡ q(yt = as|xT

1 ) · q(δt|as, x
T
1 )

= q(yt = as|xT
1 )︸ ︷︷ ︸

label prob.

· q(δt|as)
︸ ︷︷ ︸

trans. prob.

related papers by RWTH: [Raissi & Beck+ 20/21/22 arxiv]

[Zhou & Berger+ 2021], [Zhou & Zeyer+ 2021]
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Transducer: Posterior HMM with ǫ

consider segment/state s with label as:

• basic step: arriving in [t, s]:
transition [t − 1, st−1] → [t, s = st = st−1 + δt]:
– first: decide δt = 0/1: start new segment: yes/no?

– then: generate label yt = as

• first frame: q(δt = 1, yt = as|xT
1 )

with δt = 1: start new segment

• all frames but first: q(δt = 0, yt = as|xT
1 )

with δt = 0: stay in segment

re-write posterior HMM probability:

q(aS
1 |xT

1 ) =
∑

sT1

∏

t

q(sT1 , a
S
1 |xT

1 ) =
∑

sT1

∏

t

q(st, yt = ast|st−1, x
T
1 )

define transition variable: δt := st − st−1

=
∑

sT1

∏

t

q(δt, yt = ast|xT
1 ) =

∑

sT1

S∏

s=1

∏

t:s=st

q(δt, yt = as|xT
1 )

for JOINT event (δt, yt = as), define NEW set of labels:

– transition δt = 1: use true symbol as

– transition δt = 0: use blank symbol ǫ

with normalization:
∑

yt∈{as}∪ ǫ

q(yt|xT
1 ) = 1

time
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Posterior HMM: From Hybrid HMM to CTC to RNN-T

direct re-writing of posterior HMM probability:

qϑ(a
S
1 |xT

1 ) =
∑

sT1
qϑ(s

T
1 , a

S
1 |xT

1 )

=
∑

sT1

∏

t
qϑ(st+1, yt = ast|st, ast−1, x

T
1 )

=
∑

sT1

∏

t
qϑ(st+1|st, ast) · qϑ(yt = ast|ast−1, x

T
1 )

papers by RWTH: [Raissi & Beck+ 20/21/22 arxiv]

[Zhou & Berger+ 2021], [Zhou & Zeyer+ 2021]

posterior HMM with ǫ symbol: CTC and transducer (RNN-T/RNN-A)

[Graves & Fernandez+ 06, Graves 12, Sak & Shannon+ 17]:

– remove transition probabilities

and add special symbol: blank or ǫ:

∑

yt∈{as}∪ ǫ
qϑ(yt|as′, x

T
1 ) = 1

– interpretation as probability of symbol repetition

and segmental model [Zhou & Zeyer+ 2021]

– transducer variant: limited LM context [Zhou & Berger+ 2021]

unifying principles

for posterior HMM, CTC and transducer with no internal LM:

– hidden variable: alignment path

– sum criterion (or best path) along with EM-style training

– acoustic encoder to be included
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From Hybrid HMM to CTC to RNN-T

principal considerations:

– with ǫ/blank or transition prob.

– use of frame label priors

– duration constraints

– acoustic context dependence of labels:

monophone, triphone, CART labels

– LM context in output generation:

recursive, limited, none

practical tricks (maybe important):

– chunking

– spec-augment

– label smoothing

– extended training criteria:

encoder loss, focal loss

– sub-sampling (e.g. 10→30→60 msec)

– ...
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Frame Label Posterior Probability

time

A

L

E

X

· · · · · ·

·
·
·

·
·
·

·
·
·

·
·
·

key quantity:

frame label posterior at time t

over labels a = as for state/segment s:

qt(as|xT
1 ) ≡ q(yt = as|ht(x

T
1 ))

with frame labels yt, t = 1, ..., T

acoustic encoder / feature extraction:

– deep MLP with window around t: xt+δ
t−δ

– bi-direct. (LSTM) RNN: full context xT
1

– transformer and conformer

note: huge progress 1990-2020

label posteriors ◦ ◦ ... ◦ q(a|ht) ◦ ... ◦ ◦
| | | | | | | | |

features h1 h2 ... ht−1 ht ht+1 ... hT−1 hT

| | | | | | | | |
acoustic vectors x1 x2 ... xt−1 xt xt+1 ... xT−1 xT
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3.4 Seq-to-Seq Processing: Sum Criterion and Training

Training of First-Order Models: Baseline Approach

• HMM structure: generative, hybrid, CTC, RNN-T, ...

important property: first-order dependence

• most interesting application of the EM algorithm

• today’s importance of EM algorithm:

– is less important than before

– is superseded by gradient search (backpropagation)
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First-Order Models: Unified Notation and Approach

– sequence of acoustic vectors:

xT
1 = x1...xt...xT over time t

– sequence of states s = 1, ..., S

sT1 = s1...st...sT over time t

with associated state labels:

aS
1 = a1...as...aS

= W : word sequence
time

A

L

E

X

hybrid HMM (similar for CTC and RNN-T):

• full notation with parameters λ:

qλ(W = aS
1 |xT

1 ) =
∑

sT1

∏

t
q(st|st−1,W, λ) · qt(as=st|xT

1 , λ)

• simplified notation (for DP, training and EM algorithm):

λ →
∑

sT1

∏

t
qt(st, st−1, x

T
1 ;λ)

note the notation: output string W = aS
1 is dropped
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First-Order Models: Mathematical Specification

• sequence over time (= positions):

x = xT
1 = x1...xt....xT

• model with parametes λ:

– states s = 1, ..., S

– state transitions (t − 1, s′) → (t, s)

with local score (no normalization!)

qt(s
′, s, x;λ) ≥ 0

• global score: sum over all state sequences sT1 :

f(λ, x) :=
∑

sT1

T∏

t=1

qt(st−1, st, x;λ)

• functional dependence:

positions

st
a
te
s

positions

st
a
te
s

(x, λ) → {qt(s′, s, x;λ) : s′, s, t} → f(λ, x) :=
∑

sT1

T∏

t=1

qt(st−1, st, x;λ)
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Mathematical Specification: Constraints on Transitions

most general case: qt(st−1, st, x;λ)

with full dependence on transitions st−1 → st

specific models CTC and RNN-T:

– first-order for model structure/transitions

– zero-order for scores qt(st, x
T
1 ;λ)

boundary conditions:

– beginning: t = 0 : st=0 =?

– end: t = T

additional specifications required ...

(but mostly omitted)
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First-Order Models: Unified Concept

three problems:

• scoring: efficient calculation of the sum

needed in training and recognition

• training using sum criterion:

EM algorithm and direct gradient/backpropagation

• training using sum criterion with first-order dependencies:

EM algorithm and direct gradient/backpropagation

comparison: direct gradient vs. EM algorithm
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Scoring: Dynamic Programming

positions

st
a
te
s

positions

st
a
te
s

remarks:

– two variants: sum or maximum of all paths (best path, Viterbi)

∑

sT1

T∏

t=1

qt(st−1, st, x;λ) vs. max
sT1

{ T∏

t=1

qt(st−1, st, x;λ)
}

– both variants (sum and maximum) are used in recognition and training

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 145 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Scoring: Dynamic Programming

problem: efficient calculation of global score:

∑

sT1

T∏

τ=1

qτ(sτ−1, sτ , x)

define auxiliary function for sub-problem:

Qt(s;x) :=
∑

st1:st=s

t∏

τ=1

qτ(sτ−1, sτ , x)

DP recursion:

Qt(s;x) =
∑

s′
Qt−1(s

′, x) · qt(s′, s, x)

straightforward proof:

exploit ’additivity’of the problem

complexity:

– basic unit: local score qt(s
′, s, x)

– general case: T · S2 operations

– constrained transitions: T · S · ∆S operations

number of paths: ST

positions
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Dynamic Programming: Best Path

from sum to maximum:

max
sT1

{ T∏

τ=1

qτ(sτ−1, sτ , x)
}

we use the same concept and

define auxiliary function for sub-problem:

Qt(s;x) := max
st1:st=s

{ t∏

τ=1

qτ(sτ−1, sτ , x)
}

DP recursion:

Qt(s;x) = max
s′

{

Qt−1(s
′, x) · qt(s′, s, x)

}

Bt(s;x) = argmax
s′

{

Qt−1(s
′, x) · qt(s′, s, x)

}

additional auxiliary quantity: backpointers Bt(s;x):

– structure: "parallel" to the scores Qt(s;x)

– useful for recovering the best path

positions
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Dynamic Programming: Backpointers and Best Path

positions
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Training: EM Algorithm

specification of optimization problem:

• training input sequences xn, n = 1, ...N , each xn = [x1...xt...xTn] with length Tn

(note the dependene on n)

• first-order model: function to be optimized:

λ → F (λ) :=
N∑

n=1

log
∑

sTn1

Tn∏

t=1

qt(st−1, st, xn;λ) =
N∑

n=1

log
∑

sTn1

q̃(sTn1 , xn;λ)

interpretation: mixture model or sum criterion:

λ → F (λ) :=
N∑

n=1

log
∑

y

q(y, xn;λ)

• presentation of EM algorithm:

– first step: introduce approach for mixture model with hidden variable y

– second step: identify the state sequence sT1 with the hidden variable of a mixture model

and exploit the first-order structure of the model
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Training Strategy: Two Approaches

• classical EM framework:

– applied to sum criterion with no closed-form solutions

– result: gradient search within EM framework

• backpropagation:

– directly compute gradient of sum criterion

remarks presentation of EM algorithm (beyond literature):

– model with no normalization

– proof by using log-sum inequality

result: shortest proof ever (?)

– natural by-product: posterior weights

– extension beyond EM algorithm with closed-form solutions:

gradient search as part of EM algorithm
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Training: EM Algorithm – Proof

consider function difference between new λ̃ and old parameters λ:

F (λ̃) − F (λ) =
∑

n

log

∑

y q(y, xn; λ̃)
∑

y q(y, xn;λ)

log-sum inequality for non-negative numbers ak and bk

(extension of divergence inequality):

log

∑

k ak
∑

k bk
≥

∑

k

bk
(∑

k′ bk′
) log

ak

bk

≥
∑

n

∑

y

w(y|xn, λ) · log
q(y, xn; λ̃)

q(y, xn;λ)

with weights: w(y|x, λ) =
q(y, x;λ)

∑

y′ q(y
′, x;λ)

– important result: normalized posterior weights (without assuming probabilistic models!)

– standard proof: divergence inequality for normalized models
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Training: Classical EM Algorithm

• we have proved the baseline EM inequality:

F (λ̃) − F (λ) ≥
∑

n

∑

y
w(y|xn, λ) · log

q(y, xn; λ̃)

q(y, xn;λ)

with weights: w(y|x, λ) =
q(y, x;λ)

∑

y′ q(y
′, x;λ)

= Q(λ, λ̃) − Q(λ, λ)

with: Q(λ, λ̃) :=
∑

n

∑

y
w(y|xn, λ) · log q(y, xn; λ̃)

terminology: EM operations applied to auxiliary function Q(λ, λ̃):

– E: expectation using posterior weights w(y|x, λ)
– M: maximization of λ̃ → Q(λ, λ̃) in lieu of λ̃ → F (λ̃)

• iterative optimization: two alternating steps:

– compute posterior weights w(y|x, λ) using present value of λ

– maximize Q(λ, λ̃) over λ̃:

λ̂ = argmax
λ̃

Q(λ, λ̃) = argmax
λ̃

{∑

n

∑

y
w(y|xn, λ) ·

∂

∂λ̃
log q(y, xn; λ̃)

}

– closed-form solution in each iteration (in classical set-up)

– guaranteeed (local) convergence
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EM Algorithm: Closed-Form Solution vs. Gradient Search

maximization of Q(λ, λ̃) function:

argmax
λ̃

Q(λ, λ̃) = argmax
λ̃

{∑

n

∑

y
w(y|xn, λ) · log q(y, xn; λ̃)

}

two variants:

• classical variant: closed-form solution

– possible only for simple models

– advantage: no heuristics and guaranteed convergence

typical example: Gaussian mixture (first-order: Gaussian HMM)

• extended variant: no closed-form solution

remedy: gradient search inside EM algorithm

∂

∂λ̃
Q(λ, λ̃) =

∑

n

∑

y
w(y|xn, λ) ·

∂

∂λ̃
log q(y, xn; λ̃)

result: backpropagation for

λ̃ → Q(λ, λ̃) rather than λ → F (λ)

next topic:

backpropagation applied to λ → F (λ) directly
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Training for Sum Criterion: Direct Gradient

definitions: function to be optimized and posterior weights:

F (λ) :=
∑

n
log

∑

y
q(y, xn;λ) w(y|xn, λ) :=

q(y, xn;λ)
∑

y′ q(y
′, xn;λ)

direct calculation of gradient:

∂

∂λ
F (λ) =

∑

n

∂

∂λ
log

∑

y
q(y, xn;λ)

=
∑

n

∑

y

1
∑

y′ q(y
′, xn;λ)

· ∂

∂λ
q(y, xn;λ)

use:
∂

∂λ
f(λ) = f(λ) · ∂

∂λ
log f(λ)

=
∑

n

∑

y

q(y, xn;λ)
∑

y′ q(y
′, xn;λ)

· ∂

∂λ
log q(y, xn;λ)

=
∑

n

∑

y
w(y|xn, λ) ·

∂

∂λ
log q(y, xn;λ)
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Training: Backpropagation vs. EM Algorithm

functional dependence:

F (λ) :=
∑

n
log

∑

y
q(y, xn;λ) w(y|xn, λ) :=

q(y, xn;λ)
∑

y′ q(y
′, xn;λ)

• backpropagation:

∂

∂λ
F (λ) =

∑

n

∑

y
w(y|xn, λ) ·

∂

∂λ
log q(y, xn;λ)

• gradient inside EM algorithm:

λ̃ := argmax
λ̃

{

Q(λ, λ̃)
}

∂

∂λ̃
Q(λ, λ̃) =

∑

n

∑

y
w(y|xn, λ) ·

∂

∂λ̃
log q(y, xn; λ̃)

difference: different update strategies for posterior weights w(y|xn, λ)
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Summary: Training for Sum Criterion

• structure of optimization problem:

– sum over hidden variable:

– no explicit probabilistic structure or interpretation

• remark: existence of (local) optimum:

has to be verified independenly (well defined optimization problem?)

• gradient with and without EM algorithm:

– (normalized) posterior weights

– resulting from the optimization structure

• difference with and without EM algorithm:

update strategy for posterior weights

• most important structure:

first-order models like hybrid HMM, CTC and RNN-T
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Training: EM Algorithm for First-Order Models

general approach for both EM and backpropagation algorithms:

– interpret the complele state sequence sT1 as a hidden variable in sum criterion

– use mixture model as a starting point

– term re-writing: exploit the first-order structure of the model
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First-Order Models: EM Algorithm

transfer the mixture results to first-order model with y ≡ sT1 :

F (λ) :=
∑

n
log

∑

sTn1

∏

t
qt(st−1, st, xn;λ)

∂Q(λ, λ̃)

∂λ̃
=

∑

n

∑

sTn1
w(sTn1 |xn, λ) ·

∂

∂λ
log

∏

t
qt(st−1, st, xn; λ̃)

w(sTn1 |xn, λ) :=

∏

t qt(st−1, st, xn;λ)
∑

s̃Tn1

∏

t qt(s̃t−1, s̃t, xn;λ)

=
∑

n

∑

t

∑

sTn1 :s′=st−1,s=st

w(sTn1 |xn, λ) ·
∂

∂λ
log qt(s

′, s, xn; λ̃)

=
∑

n

∑

t

∑

s′,s
wt(s

′, s|xn, λ) ·
∂

∂λ
log qt(s

′, s, xn; λ̃)

with posterior weights wt(s
′, s|xn, λ) for input sequence xn:

wt(s
′, s|xn, λ) :=

∑

sTn1 :s′=st−1,st=s

w(sTn1 |xn, λ) =

∑

sTn1 :s′=st−1,st=s

∏

t qt(st−1, st, xn;λ)
∑

s̃Tn1

∏

t qt(s̃t−1, s̃t, xn;λ)
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First-Order Models: Direct Gradient

transfer the results from mixture model to first-order model:

F (λ) :=
∑

n
log

∑

sTn1

∏

t
qt(st−1, st, xn;λ)

∂

∂λ
F (λ) =

∑

n

∑

sTn1
w(sTn1 |xn, λ) ·

∂

∂λ
log

∏

t
qt(st−1, st, xn;λ)

w(sTn1 |xn, λ) :=

∏

t qt(st−1, st, xn;λ)
∑

s̃Tn1

∏

t qt(s̃t−1, s̃t, xn;λ)

=
∑

n

∑

t

∑

sTn1 :s′=st−1,s=st

w(sTn1 |xn, λ) ·
∂

∂λ
log qt(s

′, s, xn;λ)

=
∑

n

∑

t

∑

s′,s

wt(s
′, s|xn, λ) ·

∂

∂λ
log qt(s

′, s, xn;λ)

with posterior weights wt(s
′, s|xn, λ) as in classical EM algorithm for first-order models:

wt(s
′, s|xn, λ) :=

∑

sTn1 :s′=st−1,st=s

w(sTn1 |xn, λ)
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Comparison: Backpropagation vs. EM Algorithm

functional dependence:

λ → F (λ) :=
∑

n

log
∑

sTn1

∏

t

qt(st−1, st, xn;λ)

• backpropagation: = gradient of original function F (λ):

∂

∂λ
F (λ) =

∑

n

∑

t

∑

s′,s

wt(s
′, s|xn, λ) ·

∂

∂λ
log qt(s

′, s, xn;λ)

• gradient inside EM algorithm: = gradient of auxiliary function Q(·, ·):

λ̃ := argmax
λ̃

{

Q(λ, λ̃)
}

∂

∂λ̃
Q(λ, λ̃) =

∑

n

∑

t

∑

s′,s

wt(s
′, s|xn, λ) ·

∂

∂λ̃
log qt(s

′, s, xn; λ̃)

remarks:

– both cases: the form looks like an optimization without the sum

– both cases: weighted form of gradient of the local model

– difference: update strategies for posterior weights wt(s
′, s|xn, λ)
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EM Training: Forward-Backward Algorithm

posterior weight for input sequence x = xT
1 :

wt(s
′, s|x, λ) :=

∑

sT1 :s
′=st−1,st=s

w(sT1 |x, λ) =

∑

sT1 :s
′=st−1,st=s

∏

t qt(st−1, st, x;λ)
∑

s̃T1

∏

t qt(s̃t−1, s̃t, x;λ)

forward–backward algorithm for computing the posterior weights:

– forward dynamic programming: t = 1, 2, ..., T

– backward dynamic programming: t = T, T − 1, ..., 1

denominator numerator for (s′, s, t)

positions

st
a
te
s

positions

st
a
te
s
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Forward-Backward Algorithm: Transition vs. State

two types of posterior weights:

for transitions: wt(s
′, s|x, λ) for states: wt(s|x, λ) :=

∑

s′ wt(s
′, s|x, λ)

positions

st
a
te
s

positions

st
a
te
s

posterior weights: terminology in literature:

occupation probabilities (gamma)
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First-Order Models and their Mathematics: Summary

EM Algorithm and Gradient Search:

• classical EM algorithm:

– optimization problem with explicit probability models with hidden random variables

typical problem: maximum likelihood estimation for generative models

– iterative procedure

– within each iteration: closed-form solution

• optimization problems considered here:

– general functions to be optimized (beyond the elementary ANN outputs):

function with sum over ’hidden’ variables

– finite-state models for ASR and MT

• specific aspects covered:

– revisiting the classical EM algorithm

– EM algorithm with no closed-form solutions

– relation between EM algorithm and gradient search

– generalizing the EM algorithm:

general optimization method beyond explicit probabilistic models
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First-Order Model Training: Automatic Differentiation

question: how does backpropagation handle the DP recursion?

application of recursion:

– produces forward–backward algorithm:

(exercise: work out the details)

– backpropagation is supported by automatic differentiation tools

(e.g. Tensorflow and PyTorch; computational graph)

approach:

• trellis: MLP-like structure

from left to right with layers t = 1, .., T

• forward pass:

DP recursion from left to right

• backward pass: apply chain rule

to DP recursion from right to left
positions

st
a
te
s

note: no explicit concept of posterior weigths
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History

relation between MLP backpropagation and EM algorithm for HMM:

• J. Bridle: Alpha-nets: a recurrent neural network architecture with a hidden Markov model

interpretation. Speech Communication, pp. 83-92, Vol. 9, 1990.

Abstract: ... A hidden Markov model isolated word recogniser using full likelihood scoring

for each word model can be treated as a recurrent ’neural’ network ... The back-propagation

has exactly the same form as the backward pass of the Baum-Welch (EM) algorithm for

maximum-likelihood HMM training ...

• J. Bridle, L. Dodd: An Alpha-net approach to optimising input transformations for continuous

speech recognition. ICASSP 1991, pp. 277-280.

Section 2: ... When the outputs of the network have the form of a probability distribution

(i.e. Qw > 0,
∑

w Qw = 1), we favour using a relative entropy-based score ...

interpretation: ’discriminative training for isolated words’
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History: Automatic Differentation

• R. E. Wengert: A simple automatic derivative evaluation program.

Comm. ACM, Vol. 7, No. 8, pp. 463-464, 1964.

• G. Kedem: Automatic differentiation of computer programs.

ACM Transactions on Mathematical Software (TOMS),

Vol. 6, No. 2, pp. 150-165, June 1980.

• L. B. Rall: Automatic Differentiation - Techniques and Applications.

Springer Lecture Notes in Computer Science, Vol. 120, 1981.

• A. Griewank: On Automatic Differentiation.

Argonne National Lab., report, 28 pages, Nov. 1988.

• C. Bischof, A. Carle, G. Corliss, A. Griewank, P. Hovland:

ADIFOR: generating derivative codes from Fortran programs.

Scientific Programming, Vol. 1, No. 1, pp. 11-29, 1991.

• A. Griewank: An mathematical view of automatic differentation (overview).

Acta Numerica, pp. 1-78, 2003.

remarks:

– automatic differentiation: history independent of backpropagation and machine learning

– key component: chain rule of differentiation (as in backpropagation)

– more details: see Excursion: Automatic Differentiation in Trellis DP
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Training Procedure: Effect of Language Model

(full) sequence posterior probability pϑ(W |X)

with output W = aS
1 and input X = xT

1 using a log-linear model:

pϑ(W |X) =
qα
ϑ(W ) · qβ

ϑ(W |X)
∑

W̃ qα
ϑ(W̃ ) · qβ

ϑ(W̃ |X)

with the two basic model components (and independent sets of parameters ϑ):

• language model (LM) qϑ(W )

– prior that scores the syntactic-semantic adequacy of a word sequence

– idea: can be learned from text data only (e. g. 100 million words)

– no manual annotation required!

• acoustic model (AM): qϑ(W |X)

– learned from manually transcribed audio data (e. g. 500 hours = 5 million words)

– first-order models (hybrid HMM, CTC, RNN-T): qϑ(W |X)

training criterion for acoustic model: cross-entropy of composed model at sequence level:

maxϑ

{∑

r
log pϑ(Wr|Xr)

}

with training data: (audio,text) pairs [Xr,Wr], r = 1, ..., R
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Training in ASR: Acoustic and Language Models

mathematical analysis of exact training criterion:

• composed model with fixed parameters for language model:

pϑ(W |X) =
qα(W ) · qβ

ϑ(W |X)
∑

W̃ qα(W̃ ) · qβ
ϑ(W̃ |X)

qϑ(W = aS
1 |X) =

∑

sT1

∏

t
q(st|st−1,W, ϑ) · qt(as=st|X,ϑ)

• sequence discriminative training = cross-entropy training of composed model:

ϑ̂ = argmax
ϑ

{∑

r

log pϑ(Wr|Xr)
}

• approximation: ignore sum in denominator:

ϑ̂ ∼= argmax
ϑ

{∑

r

log
(

qα(Wr) · qβ
ϑ(Wr|Xr)

)}

= argmax
ϑ

{∑

r

log qα(Wr) +
∑

r

log qβ
ϑ(Wr|Xr)

}

= argmax
ϑ

{∑

r

log qϑ(Wr|Xr)
}

resulting criterion: cross-entropy of acoustic model

note: NO effect of language model in this approximation
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Training in ASR: Acoustic and Language Models

exact training criterion for data [Xr,Wr], r = 1, ..., R:

max
ϑ

{∑

r

log pϑ(Wr|Xr)
}

with pϑ(W |X) =
qα(W ) · qβ(W |X)

∑

W̃ qα(W̃ ) · qβ
ϑ(W̃ |X)

exact training criterion: hard optimization problem due to denominator

• baseline training: ignore denominator

– first-order models (hybrid HMM, CTC, RNN-T): qϑ(W |X)

– variants: full sum or best path (frame-wise CE, Viterbi)

– result: no effect of language model (LM) on the training of the acoustic model (AM)

• complete criterion: sequence discriminative training (ASR: MMI)

better approximation: approximate sum in denominator

– use word hypothesis lattice

– use simplifed language model (e. g. phoneme fourgram LM; lattice-free MMI)

overall effect: LM affects training of AM!

• history (mathematical optimization problem!):

Bahl et al./IBM 1986, Normandin 1991, Valtchev 1996,

Povey 2002 and 2016, Heigold 2005 and 2012
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ASR: Sequence Discriminative Training

End-to-End Concept

reconsider training criterion for (audio,text) pairs [Xr,Wr], r = 1, ..., R :

max
ϑ

{∑

r

log pϑ(Wr|Xr)
}

pϑ(W |X) :=
qα(W ) · qβ

ϑ(W |X)
∑

W̃ q(W̃ ) · qβ
ϑ(W̃ |X)

different variants of sequence discriminative training in ASR:

– string error (see above)

– edit distance: phonemes, letters, words

related concepts: Povey’s minimum word/phoneme error rate,

state-level minimum Bayes risk (sMBR)

terminology: What does end-to-end mean?

• training criterion: one global criterion for optimum performance,

independent of model structure

• optimization strategy of the criterion: one monolithic strategy?

e. g. gradient search and backpropagation

• monolithic structure of a model:

– maybe simplicity/elegance of programming?

– what about adequacy/performance?
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End-to-End Concept:

Dichotomy between Acoustic Model and Language Model

remarks:

• terminology: virtually meaningless

• all "good" systems are trained in a end-to-end style:

minimze a criterion that reflects WER (or performance)

• practical condition virtually everywhere in ASR:

difference between amounts of transcribed audio and text data:

– transcribed audio: 500 hours = 5 million words

– text (from press, books, internet,...): 100 million words and more

(maybe) similar: HWR and MT

• an optimal system should have an architecture

that can benefit from the two types of training data for

acoustic model and language model
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Training Criteria and Terminology Revisited

consider full model for a pair [X = xT
1 ,W = aS

1 ]:

pϑ(W |X) =
qα(W ) · qβ

ϑ(W |X)
∑

W̃ qα(W̃ ) · qβ
ϑ(W̃ |X)

qϑ(W = aS
1 |X) =

∑

sT1

∏

t
qϑ(st, as=st|st−1, X)

training criteria (for a ’single’ sentence):

• full model pϑ(W |X), i. with LM: sequence discriminative training

– symbol level in sequence context: sMBR, Povey’s WER, ...

– sequence level: ϑ → log pϑ(W |X)

remark: mathematically/numerically difficult due to denominator

• only acoustic model qϑ(W = aS
1 |X), i. e. without LM and re-normalization:

– sum over all paths:

sum criterion: ϑ → log qϑ(W = aS
1 |X) = log

∑

sT1

∏

t qϑ(st, as=st|st−1, X)

– single best path:

frame-wise cross entropy: ϑ → log maxsT1

∏

t qϑ(st, as=st|st−1, X)

conclusions:

– ultimately: all criteria have the form of a cross-entropy

– more specification is needed: type of model and of its random variables
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3.5 Seq-to-Seq Processing: Synchronization and Attention

machine translation from source source to target language:

(source: foreign) fJ
1 → eI1 (target: English)

key concepts for modelling posterior probability p(eI1|fJ
1 )

• direct approach: use unidirectional RNN over target positions i = 1, ..., I

with internal state vector si:

p(eI1|fJ
1 ) =

∏

i

p(ei|ei−1
0 , fJ

1 ) =
∏

i

p(ei|ei−1, si−1, f
J
1 )

interpretation: extended language model for target word sequence

• additional component: attention mechanism for localization

p(ei|ei−1, si−1, f
J
1 ) = p(ei|ei−1, si−1, ci)

with a context vector: ci := C(si−1, f
J
1 )
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Attention-based Neural MT

word embeddings and representations:

• word embedding for target sequence:

– word symbol: ei
– word vector: ẽi = Re(ei) with the embedding (matrix) Re

• word embedding for source sequence:

– word symbol: fj

– word vector: f̃j = Rf(fj) with the embedding (matrix) Rf

• word representation hj for source sequence

using a bidirectional RNN: hj = Hj(f
J
1 )

warning:

– concept: distinction between fj, f̃j, hj

– notation and terminology: not necessarily consistent
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Attention-based Neural MT

[Bahdanau & Cho+ 15]

approach:

• input: bidirectional RNN over source positions j:

(fJ
1 , j) → hj = Hj(f

J
1 )

• output: unidirectional RNN over target positions i:

yi = Y (yi−1, si−1, ci)

conventional notation:

p(ei|ẽi−1, si−1, ci)

with RNN state vector si = S(si−1, ẽi, ci)

and context vector ci = C(si−1, h
J
1 )

• context vector ci: weighted average

of source word representations:

ci =
∑

j

α(j|i, si−1, h
J
1 ) · hj

α(j|i, si−1, h
J
1 ) =

exp(A[si−1, hj])
∑

j′ exp(A[si−1, hj′])

with the normalized attention weights α(j|i, si−1, h
J
1 )

and real-valued attention scores A[si−1, hj]

· · · · · ·

·
·
·

·
·
·

·
·
·

·
·
·
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Attention-based Neural MT

[Bahdanau & Cho+ 15]

principle:

• input: source sequence:

(fJ
1 , j) → hj = Hj(f

J
1 )

• output distribution:

yi ≡ pi(e|ẽi−1, si−1, ci)

notation in ANN style:

yi = Y (yi−1, si−1, ci)

• state vector of target RNN:

si = S(si−1, yi, ci)

• weighted context vector:

ci =
∑

j α(j|i, si−1, h
J
1 ) · hj

• attention weights:

α(j|i, si−1, h
J
1 ) =

exp(A[si−1, hj])
∑

j′ exp(A[si−1, hj′])

. . . . . . . . . . . .

yi+1 si+1 ci+1 α(j|i + 1), j = 1, . . . , J

yi si ci α(j|i), j = 1, . . . , J

yi−1 si−1 ci−1 α(j|i − 1), j = 1, . . . , J

. . . . . . . . . . . .

h... hj−1 hj hj+1 h...

f... fj−1 fj fj+1 f...
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Attention-based ASR:

xT
1 → aI

1

principle:

• input: source sequence:

(xT
1 , t) → ht = Ht(x

T
1 )

• output distribution:

yi ≡ pi(a|ãi−1, si−1, ci)

notation in ANN style:

yi = Y (yi−1, si−1, ci)

• state vector of target RNN:

si = S(si−1, yi, ci)

• weighted context vector:

ci =
∑

t α(t|i, si−1, h
T
1 ) · ht

• attention weights:

α(t|i, si−1, h
T
1 ) =

exp(A[si−1, ht)]
∑

t′ exp(A[si−1, ht′])

. . . . . . . . . . . .

yi+1 si+1 ci+1 α(t|i + 1), t = 1, . . . , T

yi si ci α(t|i), t = 1, . . . , T

yi−1 si−1 ci−1 α(t|i − 1), t = 1, . . . , T

. . . . . . . . . . . .

h... ht−1 ht ht+1 h...

x... xt−1 xt xt+1 x...
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Attention-based Neural MT:

Sequential Order of Operations

preparations:

• input preprocessing:

fJ
1 → hj = Hj(f

J
1 )

• available at position i − 1:

ẽi−1 ≡ yi−1, si−1, ci−1

sequence of operations

for position i:

1. attention weights:

α(j|i, si−1, h
J
1 ) = ...

2. context vector:

ci =
∑

j α(j|i, si−1, h
J
1 ) · hj

3. output distribution:

yi = Y (yi−1, si−1, ci)

4. state vector:

si = S(si−1, yi, ci)

. . . . . . . . . . . .

yi+1 si+1 ci+1 α(j|i + 1), j = 1, . . . , J

yi si ci α(j|i), j = 1, . . . , J

yi−1 si−1 ci−1 α(j|i − 1), j = 1, . . . , J

. . . . . . . . . . . .

h... hj−1 hj hj+1 h...

f... fj−1 fj fj+1 f...
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Attention Weights

Feedforward ANN vs. Dot Product

re-consider attention weights:

α(j|i, si−1, h
J
1 ) =

exp(A[si−1, hj])
∑

j′ exp(A[si−1, hj′])

two approaches to modelling attention scores A[si−1, hj]:

• additive variant: feedforward (FF) ANN:

A[si−1, hj] := vT · tanh(Ssi−1 + Hhj)

with matrices S and H and vector v

basic implementation: one FF layer + softmax

• multiplicative variant: (generalized) dot product between vectors:

A[si−1, hj] := sTi−1 · W · hj

with a attention matrix W

experimental result: not much difference
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Direct HMM vs. Attention Mechanism

common properties in both approaches:

– bi-directional LSTM RNN over input words fj, j = 1, ..., J

– uni-directional LSTM RNN over output words ei, i = 1, ..., I

· · · · · ·

·
·
·

·
·
·

·
·
·

·
·
·

• direct HMM (finite-state model):

summing over probability models:

p(eI1|fJ
1 ) =

∑

bI1

∏

i
p(ei, bi|bi−1, e

i−1
0 , fJ

1 )

special case: zero-order HMM:

p(eI1|fJ
1 ) =

∏

i
p(ei|ei−1

0 , fJ
1 ) =

∏

i

∑

j
p(ei, j|ei−1

0 , fJ
1 )

=
∏

i

∑

j
p(j|ei−1

0 , fJ
1 ) · p(ei|j, ei−1

0 , fJ
1 )

• attention mechanism: averaging

over internal RNN representations hj:

p(ei|ei−1
0 , fJ

1 ) = p(ei|ei−1, si−1, ci)

with ci =
∑

j

p(j|ei−1
0 , fJ

1 ) · hj(f
J
1 )
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History: Models for Synchronization

concept of first-order models:

• generative HMM: around 1975

• MMI criterion for HMM: Bahl et al. 1986

now called: sequence discriminative training

• hybrid HMM: Bourlard & Wellekens 1989

emission model: use ANN output

• unified concept for hybrid HMM: Haffner 1993

label-sequence posterior probabilities, sum criterion and training

• hybrid HMM with phoneme RNN models: Robinson 1994

competitive results on WSJ

• CTC: empty symbol: Graves 2006

• RNN-T (transducer): extension of CTC: Graves 2012

• RNN-A (aligner): special case of RNN-T: Sak et al. 2017

• direct HMM: Raissi et al. 2021 at RWTH

phoneme labels (instead of CART) and training from scratch

other concept: attention mechanism 2015
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3.6 Excursion: Automatic Differentiation in Trellis Dynamic Programming

computation of gradient:

• function to be optimized for a set of training sequences xn, n = 1, ...N :

λ → F (λ) :=
∑

n

log f(xn, λ) =
∑

n

log
∑

sTn1

Tn∏

t=1

qt(st−1, st, xn;λ)

• form of gradient:

it is sufficient to consider a single term in the sum over n:

λ → f(xn, λ) =
∑

sTn1

Tn∏

t=1

qt(st−1, st, xn;λ)

• simplified notation: we drop the explicit symbol for the training sequence xn

in both f(xn;λ) and qt(s
′, s, xn;λ) and assume a sequence length T :

λ → f(λ) =
∑

sT1

T∏

t=1

qt(st−1, st;λ)
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Backpropagation and Trellis Dynamic Programming: Principle

forward pass using DP recursion over t = 1, 2, ..., T :

Qt(st;λ) =
∑

st−1

Qt−1(st−1;λ) · qt(st−1, st;λ)

t = T : f(λ) =
∑

sT

QT (sT ;λ)

positions

st
a
te
s

backward pass using chain rule over t = T, T − 1, ..., 1:

∂

∂λ
log f(λ) =

1

f(λ)
·
∑

sT

∂

∂λ
QT (sT ;λ) =

1

f(λ)
·
∑

sT

∑

sT−1

∂

∂λ

(

QT−1(sT−1;λ)
︸ ︷︷ ︸

backward rec.

· qT (sT−1, sT ;λ)
)

=
1

f(λ)
·
∑

sT

∑

sT−1

QT−1(sT−1;λ) ·
∂ qT (sT−1, sT ;λ)

∂λ

+
1

f(λ)
·
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

ST−2

∂

∂λ

(

QT−2(sT−2;λ)
︸ ︷︷ ︸

backward rec.

· qT−1(sT−2, sT−1;λ)
)

= ...

result: OK for numerical calculations,

but awkward for analytic calculations
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Backpropagation and Trellis Dynamic Programming: Principle

continue evaluating the backward recursion:

∂

∂λ
log f(λ) =

=
1

f(λ)
·
∑

sT

∑

sT−1

∂

∂λ

(

QT−1(sT−1;λ)
︸ ︷︷ ︸

backward rec.

· qT (sT−1, sT ;λ)
)

=
1

f(λ)
·
∑

sT

∑

sT−1

QT−1(sT−1;λ) ·
∂ qT (sT−1, sT ;λ)

∂λ

+
1

f(λ)
·
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

ST−2

∂

∂λ

(

QT−2(sT−2;λ)
︸ ︷︷ ︸

backward rec.

· qT−1(sT−2, sT−1;λ)
)

=
1

f(λ)
·
∑

sT

∑

sT−1

QT−1(sT−1;λ) ·
∂ qT (sT−1, sT ;λ)

∂λ

+
1

f(λ)
·
∑

sT

∑

sT−1

∑

ST−2

qT (sT−1, sT ;λ) QT−2(sT−2;λ) ·
∂ qT−1(sT−2, sT−1;λ)

∂λ

+
1

f(λ)
·
∑

sT

∑

sT−1

∑

sT−2

qT (sT−1, sT ;λ) qT−1(sT−2, sT−1T ;λ)
∑

ST−3

∂

∂λ

(

QT−3(sT−3;λ)
︸ ︷︷ ︸

backward rec.

· qT−2(sT−3, sT−2;λ)
)

= ...

interpretation: can be re-written in terms of forward–backward probabilities
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Backpropagation and Trellis Dynamic Programming:

Equivalence with EM-Style Backpropagation

• goal: show equivalence analytically between

– EM-style backpropagation

– backpropagation applied to DP recursion

positions

st
a
te
s

• we consider the dependence of the global score f(λ)
on the local score of each arc (t, s′, s):

λ → {qt(s′, s;λ) : s′, s, t} → f(λ) :=
∑

sT1

T∏

t=1

qt(st−1, st;λ)

• we consider the global score f(λ) and compute the derivative:

∂

∂λ
log f(λ) =

1

f(λ)
· ∂f(λ)

∂λ
=

1

f(λ)
·
∑

t

∑

s′,s

∂f(λ)

∂qt(s′, s;λ)
· ∂qt(s

′, s;λ)

∂λ

=
1

f(λ)
·
∑

t

∑

s′,s

∂f(λ)

∂qt(s′, s;λ)
· qt(s′, s;λ) ·

∂ log qt(s
′, s;λ)

∂λ

∂f(λ)

∂qτ(s′, s;λ)
=

∂

∂qτ(s′, s;λ)

∑

sT
QT (sT , λ) =

∑

sT

∂QT (sT ;λ)

∂qτ(s′, s;λ)
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Backpropagation and Trellis Dynamic Programming:

Equivalence with EM-Style Backpropagation

• backward pass: starting point at t = T :

∂f(λ)

∂qτ(s′, s;λ)
=

∂

∂qτ(s′, s;λ)

∑

sT
QT (sT , λ) =

∑

sT

∂QT (sT ;λ)

∂qτ(s′, s;λ)

• we need the derivatives of the DP auxiliary function Qt(st;λ)

wrt qτ(s
′, s;λ) in the forward DP recursion over t = 1, ..., T :

Qt(st;λ) =
∑

st−1

Qt−1(st−1;λ) · qt(st−1, st;λ)

• to exploit the DP recursion in backpropagation,

we fix a grid point (t, st) with DP score Qt(st;λ)
and an arc (τ, s′, s) with model qτ(s

′, s;λ):

qτ(s
′, s;λ) → Qt(st;λ)

∂Qt(st;λ)

∂qτ(s′, s;λ)
= ?

note the five-tuple of indices: (t, st; τ, s′, s)

positions

st
a
te
s
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Backpropagation and Trellis Dynamic Programming: Equivalence

positions

st
a
te
s

positions

st
a
te
s

DP recursion and its derivative:

Qt(st;λ) =
∑

st−1

qt(st−1, st;λ) · Qt−1(st−1;λ)

∂Qt(st;λ)

∂qτ(s′, s;λ)
=

∑

st−1

(

qt(st−1, st;λ) ·
∂Qt−1(st−1;λ)

∂qτ(s′, s;λ)
+

∂qt(st−1, st;λ)

∂qτ(s′, s;λ)
· Qt−1(st−1;λ)

)

analysis of derivative:

– case t < τ : no dependence of Qt(st;λ) on qτ(s
′, s;λ)

– term ∂qt(st−1, st;λ)
/
∂qτ(s

′, s;λ): different from zero only for τ = t

– term ∂Qt−1(st−1;λ)
/
∂qτ(s

′, s;λ): causes the recursion in the derivatives
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Backpropagation and Trellis Dynamic Programming: Equivalence

positions

st
a
te
s

positions

st
a
te
s

• case τ < t: recursion over t = T, T − 1, ..., τ + 1

∂Qt(st;λ)

∂qτ(s′, s;λ)
=

∑

st−1

qt(st−1, st;λ) ·
∂Qt−1(st−1;λ)

∂qτ(s′, s;λ)

• case τ = t: ∂Qτ(sτ ;λ)

∂qτ(s′, s;λ)
=

∑

sτ−1

∂qτ(sτ−1, sτ ;λ)

∂qτ(s′, s;λ)
· Qτ−1(sτ−1;λ)

= δ(sτ , s) · Qτ−1(s
′;λ)

• case τ > t: ∂Qt(st;λ)

∂qτ(s′, s;λ)
= 0
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Backpropagation and Trellis Dynamic Programming: Equivalence

backward recursion from t = T, T − 1, ..., τ :

∂f(λ)

∂qτ(s′, s;λ)
=

∑

sT

∂QT (sT ;λ)

∂qτ(s′, s;λ)
=

=
∑

sT

∑

sT−1

qT (sT−1, sT ;λ) ·
∂QT−1(sT−1;λ)

∂qτ(s′, s;λ)

positions

st
a
te
s

=
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

sT−2

qT−1(sT−2, sT−1;λ) ·
∂QT−2(sT−2;λ)

∂qτ(s′, s;λ)

= ...

=
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

sT−2

qT−1(sT−2, sT−1;λ) ...
∑

sτ+1

...
∑

sτ

qτ(sτ , sτ+1;λ) ·
∂Qτ(sτ ;λ)

∂qτ(s′, s;λ)

=
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

sT−2

qT−1(sT−2, sT−1;λ) ...
∑

sτ+1

...
∑

sτ

qτ(sτ , sτ+1;λ) · δ(sτ , s) · Qτ−1(s
′;λ)

=
∑

sT

∑

sT−1

qT (sT−1, sT ;λ)
∑

sT−2

qT−1(sT−2, sT−1;λ) ...
∑

sτ+1

... qτ(s, sτ+1;λ) · Qτ−1(s
′;λ)

= Qτ−1(s
′;λ) ·

∑

sT
τ
:sτ=s

∏T

t=τ+1
qt(st−1, st;λ) = (literature) α(t − 1, s′) · β(t, s)
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Backpropagation and Trellis Dynamic Programming: Summary

we have shown:

∂f(λ)

∂qt(s′, s;λ)
= Qt−1(s

′;λ)
︸ ︷︷ ︸

forward pass: α(t−1,s′)

·
∑

sT
t
:st=s

∏T

τ=t+1
qτ(sτ−1, sτ ;λ)

︸ ︷︷ ︸

backward pass: β(t,s)

∂

∂λ
log f(λ) =

1

f(λ)
·
∑

t

∑

s′,s

∂f(λ)

∂qt(s′, s;λ)
· qt(s′, s;λ) ·

∂ log qt(s
′, s;λ)

∂λ

=
∑

t

∑

s′,s
wt(s

′, s|λ) · ∂ log qt(s
′, s;λ)

∂λ

interpretation:

– normalization by f(λ)
– equivalent to forward–backward probabilities

positions

st
a
te
s
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4 Systems and Experimental Results

outline:

– ASR: some experimental results

– language models in ASR

– MT (machine translation): from signals to symbols

4.1 ASR: Acoustic Modelling
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History: ANN in Acoustic Modelling

ANN approaches in ASR:

• 1988 [Waibel & Hanazawa+ 88]:

phoneme recognition using time-delay neural networks (convolutional NNs!)

• 1989 [Bridle 89]:

softmax operation (’Gaussian posterior’) for normalization of ANN outputs

• 1989 [Bourlard & Wellekens 89]:

– for squared error criterion, ANN outputs can be interpreted as

class posterior probabilities (rediscovered: [Patterson & Womack 66])

– hybrid type of HMM:

emission probabilities are replaced by ANN ouputs, i. e. label posteriors

• 1991 [Bridle & Dodd 91] backpropagation for HMM discriminative training at word level

• 1993 [Haffner 93]: sum over label-sequence posterior probabilities in hybrid HMMs

(sequence discriminative training )

• 1994 [Robinson 94]: recurrent neural network in hybrid HMM

– competitive results on WSJ task

– his work remained a singularity in ASR

• ...

hybrid HMMs until 2008:

ANNs were never superior to Gaussian mixture models
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History: ASR and Comparative Evaluations

procedures advocated by ASR community (and NIST/DARPA):

• well defined performance metric in ASR:

– edit distance: substitutions, deletions, insertions

– no phonetic transcription required!

• shared public data bases:

– for testing: must be the same (to make results comparable)

– for training: depends on goals

• evaluation campaigns (public and project internal):

– well-known phenomenon in pattern recognition: risk of training on the testing data

– remedy: change testing data over time

• public data/tasks for ASR:

– TI digit strings, TIMIT, RM-1k, WSJ-5k, NAB-20k, Switchboard, ...

– AMI meeting corpus, TED-LIUM corpus, Librispeech task, ...

• evaluation concepts adapted in other fields:

– handwriting recognition

– object recognition

– machine translation
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Tandem Approach: Explicit Feature Extraction

• tandem approach: two parts:

MLP for feature extraction + generative HMM

[Fontaine & Ris+ 97, Hermansky & Ellis+ 00]

• extensions, e. g. bottleneck concept

[Stolcke & Grezl+ 06, Grezl & Fousek 08],

[Valente & Vepa+ 07, Tüske & Plahl+ 11]

Gaussian Mixture

PCA/LDA

RWTH’s Tandem Structure

[Tüske & Plahl+ 11]

Gaussian Mixture
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History ASR: Tandem vs. Hybrid Approach

tandem approaches (i. e. DNN-based explicit feature extraction)

• 2000 [Hermansky & Ellis+ 00]: multiple layers of processing

by combining Gaussian model and ANN for ASR

• 2006 [Stolcke & Grezl+ 06]: cross-domain and cross-language portability

• 2007 [Valente & Vepa+ 07]: 8% WER reduction on LVCSR

• 2011 [Tüske & Plahl+ 11]: 22% WER reduction on LVCSR

hybrid approaches:

• 2008 [Graves 08]: CTC - good results on LSTM RNN for handwriting task

• 2010 [Dahl & Ranzato+ 10]: improvement in phone recognition on TIMIT

• 2011 [Seide & Li+ 11, Dahl & Yu+ 12]: Microsoft Research

– fully-fledged hybrid approach

– 30% WER reduction on Switchboard 300h

• since 2012: other teams confirmed reductions of WER by 20% to 30%

comparison: hybrid vs. tandem approach:

– hybrid approach: more monolithic and compact

– the same structure in training and testing

– widely used nowadays
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Artificial Neural Networks (ANN) and Deep Learning:

question: what is different now after 30 years?

answer: we have learned how to (better) handle

a complex mathematical optimization problem:

• more powerful hardware

(e. g. GPUs)

• empirical recipies for optimization:

practical experience and heuristics,

e.g. layer-by-layer pretraining

• result: we are able to handle more

complex architectures

(deep MLP, RNN, etc.)
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ASR and Recurrent Neural Network (RNN)

ASR: sequence-to-sequence processing

ht

xt

yt

ht−1 h1 h2
... ht−1 ht

...

... ...

... ...

x1 x2 xt−1 xt

y1 y2 yt−1 yt

from simple ANN to RNN:

– introduce a memory (or context) component to keep track of history

– result: two types of input at time t: memory ht−1 and observation xt

extensions:

• bidirectional structure [Schuster & Paliwal 97]

• LSTM: long short-term memory

[Hochreiter & Schmidhuber 97, Gers & Schraudolph+ 02]

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 197 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Systematic Experiments on QUAERO English Eval 2013

(Tüske et al. RWTH 2017)

QUAERO task: broadcast news/conversations, podcasts, TED lectures

Word error rates [%] on QUAERO English Eval 2013

(note: acoustic input features were optimized for acoustic model):

Acoustic Model: hybrid HMM Language Model

Model Criterion
Count Count+ANN

PP=131.1 PP=92.0

Gaussian Mixtures
max.lik. 20.7

seq.disc. training 19.2 16.1

Neural Net

FF MLP
frame-wise CE 11.6

seq.disc. training 10.7 09.0

LSTM RNN
frame-wise CE 10.6

seq.disc. training 09.8 08.2

observations:

– improvements by acoustic ANNs: 50% relative

– improvement by language model ANN: 15% relative

– total improvements by deep learning: 60% relative (from 19.2% to 8.2%)
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Public Databases/Tasks: Switchboard and Call Home

Tasks: Switchboard and Call Home

• conversational speech: telephone speech, narrow band;

challenging task: initial WER: 60% (and higher) on Switchboard

• training data for acoustic model: Switchboard corpus

– about 300 hours of speech

– about 2400 two-sided recordings with an average of 200 seconds

– 543 speakers

• test set Hub5’00

– 20 telephone recordings form Switchboard studies (SWB)

– 20 telephone conversations from Call-Home US English Speech (CHM)

– total: 3.5 hours of speech

• training data for language model

– vocabulary size fixed to 30k

– Switchboard corpus: 2.9M running words

– Fisher corpus: 21M running words
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ASR: Results (April 2019)

baseline models:

– language model: 4-gram count model

– acoustic model: hybrid HMM with CART (allophonic) labels:

LSTM bi-RNN with frame-wise cross-entropy training

– speaker/channel adaptation: i-vector [Dehak & Kenny+ 11]

– affine transformation [Gemello & Manai+ 06, Miao & Metze 15]

word error rates [%]:

adaptation methods SWB CHM average

no baseline approach 9.7 19.1 14.4

+ seq. discr. training (sMBR) 9.6 18.3 13.9

+ LSTM-RNN language model 7.7 15.8 11.7

yes (i-vector) baseline approach 9.0 18.0 13.5

+ seq. discr. training (sMBR) 8.4 17.2 12.8

+ LSTM-RNN language model 6.8 15.1 10.9

+ adaptation by affine transformation 6.7 13.5 10.2

overall improvements over baseline:

– 33% relative reduction in WER

– by seq. discr. training, LSTM-RNN language model and adaptation
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Best Results on Call Home (CHM) and Switchboard (SWB)

(best word error rates [%] reported)

team CHM SWB training data, remarks

Johns Hopkins U 2017 18.1 9.0 300h, no ANN-LM, single model, data perturbation

Microsoft 2017 17.7 8.2 300h, ResNet, with ANN-LM

ITMO U 2016 16.0 7.8 300h, with ANN-LM, model comb., data perturbation

Google 2019/arXiv 14.1 6.8 300h, attention models

RWTH U 2017 15.7 8.2 300h, with ANN-LM, model comb.

RWTH U 2019/arXiv 13.5 6.7 300h, single models, adaptation

Microsoft 2017 12.0 6.2 2000h, model comb.

IBM 2017 10.0 5.5 2000h, model comb.

Capio 2017 9.1 5.0 2000h, model comb.
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ASR: Librispeech Task

(Vassil Panayotov & Daniel Povey)

speech data: read audiobooks from the LibriVox project

with training data:

– acoustic model: 960 hrs of speech

– language model: 800 million words

word error rates[%]:

dev test

team approach 1st 2nd 1st 2nd

half half half half

Irie, Zeyer et al. RWTH attention with BPE units, ’no’ LM 4.3 12.9 4.4 13.5

(Interspeech 2019) + LSTM-RNN LM 3.0 9.1 3.5 10.0

+ transformer LM 2.9 8.8 3.1 9.8

Lüscher, Beck et al. RWTH hybrid HMM, CART, 4g LM 4.3 10.0 4.8 10.7

(Interspeech 2019) + seq. disc. training 3.7 8.7 4.2 9.3

+ LSTM-RNN LM 2.4 5.8 2.8 6.2

+ transformer LM 2.3 5.2 2.7 5.7

Zeghidour et al., FB 2018 gated CNN with letters/words 3.2 10.1 3.4 11.2

Irie et al., Google 2019 attention with WPM units 3.3 10.3 3.6 10.3

Park et al., Google 2019 attention ... data augmentation - - 2.5 5.8
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Phoneme-based ASR Results on SWB+CHM

results on phoneme/grapheme RNN-transducer (RNN-T):

IBM research [Saon & Tüske+ 2021] and RWTH [Zhou & Berger+ 2021]

table and results from [Saon & Tüske+ 2021]

on Switchboard (SWB) and Call-Home (CHM):

authors team approach WER[%]

acoust.model lang.model SWB CHM

Saon & Tüske+ 2021 IBM RNN-T LSTM-RNN 6.3 13.1

Tüske & Saon+ 2020 IBM attention LSTM-RNN 6.4 12.5

Park & Chan+ 2019 Google attention LSTM-RNN 6.8 14.1

Hadiani & Sameti+ 2018 JHU LF-MMI RNN 7.5 14.6

Irie & Zeyer+ 2019 RWTH hybrid HMM transformer 6.7 12.9

more results on Italian and Spanish (conversational telephone speech)

conclusions based on [Saon & Tüske+ 2021, Zhou & Berger+ 2021]:

RNN-T has similar performance like hybrid HMM
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4.2 LM: Language Modelling in ASR

Bayes decision rule for generating word sequence wN
1 from speech signal xT

1

(assuming a log-linear model and dropping the denominator):

xT
1 → ŵN̂

1

(
xT
1

)
= argmax

N,wN
1

{

qα
ϑ(w

N
1 ) · qβ(wN

1 |xT
1 )

}

language model: the prior probability qϑ(w
N
1 ) and its parameters ϑ

observations about the language model qϑ(w
N
1 ):

– it can be learned from text only (unlabeled data!), e. g. from 100-1000 Mio words

– it can improve performance dramatically

question:

How to measure the quality of an LM (without a recognition experiment)?
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Quality of Language Model and Perplexity

considerations:

• use prior qϑ(w
N
1 ) in Bayes decision rule,

but it depends on the single sentence and its length

• define a sufficiently large test corpus

by concatenating all test sentences to a LONG super sentence

(use special symbols for sentence end and unknown word)

• apply the LM probability to this super sentence of N words

and perform normalization:

– geometric average of probability per word by computing N -th root

– invert average probability into perplexity: = average effective vocabulary size

formal definition of perplexity PP:

PP :=
(

qϑ(w
N
1 )

)−1/N

=
( N∏

n=1

qϑ(wn|wn−1
0 )

)−1/N

log PP = − 1

N
·

N∑

n=1

log qϑ(wn|wn−1
0 )

with artificial start symbol w0
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Language Modelling and Homophones

prior probability qϑ(w
N
1 ) of any sentence wN

1 = w1...wn...wN :

qϑ(w
N
1 ) =

N∏

n=1

qϑ(wn|wn−1
1 ) =

N∏

n=1

qϑ(wn|wn−2, wn−1)

simplified dependence: word trigram language model

disambiguation of homophones (IBM 1985):

• homophones: two, too, to

Twenty-two people are too many to be put in this room.

• homophones: write, Wright, right

Please write to Mrs. Wright right away.
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Language Modelling: Approaches

• limited history: Markov chain of order k:

limit the dependence on the full history wn−1
0 to the immediate k predecessor words:

qϑ(wn|wn−1
0 ) := qϑ(wn|wn−1

n−k)

two modelling concepts:

– event counts (e. g. word fourgrams, trigrams, bigrams, unigrams)

and smoothing

– FF-MLP with word embeddings,

i. e. a mapping from word symbols to vectors

• unlimited history: RNN and extensions

natural training criterion for a corpus wN
1 : minimum perplexity

max
ϑ

{ N∑

n=1

log qϑ(wn|wn−1
0 )

}

– equivalent to cross-entropy training (or maximum likelihood)

– resulting estimates: relative frequencies based on event counts
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Language Modelling: Training and Perplexity

• training criterion for string pairs [Xr,Wr], r = 1, ..., R:

max
ϑ

{∑

r

log pϑ(Wr|Xr)
}

• composed model of language model and acoustic model:

pϑ(W |X) =
qα
ϑ(W ) · qβ(W |X)

∑

W̃ qα
ϑ(W̃ ) · qβ(W̃ |X)

for a fixed acoustic model (i. e. no free parameters)

• approximation: separate qα
ϑ(Wr) and ignore remaining term:

ϑ̂ = argmax
ϑ

{∑

r

log pϑ(Wr|Xr)
}

= argmax
ϑ

{

α ·
∑

r

log qϑ(Wr) +
∑

r

log
qβ(W |X)

∑

W̃ qα
ϑ(W̃ ) · qβ(W̃ |X)

}

∼= argmax
ϑ

{∑

r

log qϑ(Wr)
}

result of approximation: acoustic model cancels!
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Language Modelling: Perplexity

• result: training criterion for language model

with strings Wr = [w1...wi...wIr] = wIr
1 :

ϑ̂ = argmax
ϑ

{∑

r

log qϑ(w
Ir
1 )

}

= argmax
ϑ

{∑

r

Ir∑

i=1

log qϑ(wi|wi−1
0 )

}

• interpretation: superstring = concatenation of all strings Wr, r = 1..., R:

wN
1 := WR

1 = [w1...wi...wIr

]r=R

r=1

note: special handling (extra symbols) for string boundaries

• normalized criterion = inverse geometric average: perplexity PP

logPP := log 1
/

N

√

qϑ(w
N
1 ) = −1/N ·

N∑

n=1

log qϑ(wn|wn−1
0 )

terminology:

– maximum likelihood (ASR community)

– cross-entropy (ANN community)
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ANNs in Language Modelling

goal of language modelling: compute the prior qϑ(w
N
1 ) of a word sequence wN

1

– how plausible is this word sequence wN
1 (independently of observation xT

1 !) ?

– measure of language model quality: perplexity PP (= geometric average)

interpretation: effective vocabulary size as seen by ASR decoder/search

logPP := log 1
/

N

√

qϑ(w
N
1 ) = −1/N ·

N∑

n=1

log qϑ(wn|wn−1
0 )

interpretation: prediction task:

based on history wn−1
0 , predict p(wn|...)

approaches:

– use full history: RNN or LSTM

– truncate history: → k-gram MLP

perplexity PP on test data (QUAERO)

(Sundermeyer et al.; RWTH 2012, 2015):

approach PP

baseline: count model 163.7

10-gram MLP 136.5

RNN 125.2

LSTM-RNN 107.8

10-gram MLP with 2 layers 130.9

LSTM-RNN with 2 layers 100.5

important result: improvement of PP by 40%
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Interpolated Language Models: Perplexity and WER

• more details and refinements:

– use of word classes for softmax in output layer

– unlimited history of RNN: requires re-design of ASR search

• in practice:

interpolation of TWO models: count model (3B words) + ANN model (60M words)

• perplexity and word error rate on test data

models PP WER[%]

count model 131.2 12.4

+ 10-gram MLP 112.5 11.5

+ Recurrent NN 108.1 11.1

+ LSTM-RNN 96.7 10.8

+ 10-gram MLP with 2 layers 110.2 11.3

+ LSTM-RNN with 2 layers 92.0 10.4

• improvements achieved:

– perplexity: 30% reduction: from 131 to 92

– WER: 15% reduction: from 12.4% to 10.4%
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Plot: Perplexity vs. Word Error Rate

empirical law: WER = α · PP β with β ∈ [0.3, 0.5]

[Makhoul & Schwartz 94, Klakow & Peters 02]
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Extended Range: Perplexity vs. Word Error Rate

empirical law: WER = α · PP β

open question: theoretical justification?
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4.3 MT: Machine Translation

important conceptual aspect:

– from signal/subsymbolic processing to symbolic processing

– similar to LM in ASR

(but in ASR LM is only an auxiliary component!)
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Machine Translation: History

statistical approaches were controversial in MT (and other NLP tasks):

• 1969 Chomsky:

... the notion ’probability of a sentence’ is an entirely useless one,

under any known interpretation of this term.

• result: strict dichotomy until 1995-2005:

– speech = spoken language: signals, subsymbolic, machine learning

– language = written text: symbols, grammars, rule-based AI

• until 2000: mainstream approach was rule-based

– result: huge human effort required in practice

– problems: coverage and consistency of rules

• 1989-93: IBM Research: statistical approach to MT

1994: key people (Mercer, Brown) left for a hedge fund

• 1996-2002 RWTH: improvements beyond IBM’s approach:

phrase-based approach and log-linear modelling

• around 2004: from singularity to mainstream in MT

F. Och (and more RWTH PhD students) joined Google

2008: service Google Translate

• 2015: neural MT: attention mechanism [Bahdanau & Cho+ 15]
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Rule-based Artficial Intelligence

Example: Grammar Rules and Syntactic Structure

• principle:

Sentence (S)

Subject (SU)

pronoun

I

Predicate (PR)

Verb Phrase (VP)

verb

saw

Noun Phrase (NP)

determiner

the

noun

man

Prepositional Phrase (PP)

preposition

with

Noun Phrase (NP)

determiner

the

noun

hat

• extensions along many dimensions
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Word Alignments (based on HMM)

(learned automatically; Canadian Parliament)
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Machine Translation: Direct HMM

source position j

ta
r
g
e
t
p
o
s
it
io
n
i

source position j

ta
r
g
e
t
p
o
s
it
io
n
i

• translation: from source sentence fJ
1 = f1...fj...fJ to target sentence eI1 = e1...ei...eI

• alignment direction: from target to source: i → j = bi

• first-order hidden alignments and factorization:

p(eI1|fJ
1 ) =

∑

bI1
p(bI1, e

I
1|fJ

1 ) =
∑

bI1

∏

i
p(bi, ei|bi−1, e

i−1
0 , fJ

1 )

• resulting model: exploit first-order structure (or zero-order)

training: backpropagation within EM algorithm
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Direct HMM vs. Attention Mechanism

common properties in both approaches:

– bi-directional LSTM RNN over input words fj, j = 1, ..., J

– uni-directional LSTM RNN over output words ei, i = 1, ..., I

· · · · · ·

·
·
·

·
·
·

·
·
·

·
·
·

• direct HMM (finite-state model):

summing over probability models:

p(eI1|fJ
1 ) =

∑

bI1

∏

i
p(ei, bi|bi−1, e

i−1
0 , fJ

1 )

special case: zero-order HMM:

p(eI1|fJ
1 ) =

∏

i
p(ei|ei−1

0 , fJ
1 ) =

∏

i

∑

j
p(ei, j|ei−1

0 , fJ
1 )

=
∏

i

∑

j
p(j|ei−1

0 , fJ
1 ) · p(ei|j, ei−1

0 , fJ
1 )

• attention mechanism: averaging

over internal RNN representations hj:

p(ei|ei−1
0 , fJ

1 ) = p(ei|ei−1, si−1, ci)

with ci =
∑

j

p(j|ei−1
0 , fJ

1 ) · hj(f
J
1 )
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(Unpublished) Experimental Results

• WMT task: German → English:

– training data: 6M sentence pairs = (137M, 144M) words

– test data: (about) 3k sentence pairs = (64k, 67k) words

• WMT task: Chinese → English:

– training data: 14M sentence pairs = (920M Chinese letters, 364M English words)

– test data: (about) 2k sentence pairs = (153k Chinese letters, 71k English words)

• performance measures:

– BLEU [%]: accuracy measure: "the higher, the better"

– TER [%]: error measure: "the lower, the better"

• basic units for implementation:

– BPE (byte pair encoding) units rather than full-form words

– alphabet size: about 40k

• RWTH papers (with preliminary results):

[Wang & Alkhouli+ 17, Wang & Zhu+ 18]
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Neural Hidden Markov Model

• LSTM-RNN based representations for input and output:

4 layers of encoder and 1 layer of decoder

• independent models of alignment and lexicon

(no parameter sharing as in attention approach)

HMM German→English Chinese→English

#Par PPL test2017 test2018 #Par PPL dev2017 test2017

BLEU TER BLEU TER BLEU TER BLEU TER

zero-order 129M 5.29 30.9 57.4 37.4 48.9 125M 8.12 20.1 65.1 20.7 64.2

first-order 136M 4.64 31.6 56.5 38.7 48.4 138M 7.63 20.1 64.0 22.0 63.2
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Comparison: Best Results

best German→English Chinese→English

results #Par PPL test2017 test2018 #Par PPL dev2017 test2017

BLEU TER BLEU TER BLEU TER BLEU TER

LSTM-RNN att. 162M 4.57 32.1 56.3 38.8 48.1 156M 6.60 21.4 63.6 22.9 62.0

self-attention 101M 3.90 33.4 55.3 40.4 46.8 97M 5.34 21.8 62.9 23.5 60.1

neural HMM 179M 5.24 31.9 56.6 38.3 48.3 174M 7.41 20.8 63.2 22.4 61.4

conclusions about neural HMM:

– (nearly) competitive with LSTM-RNN attention approach

– some performance gap to self-attention approach (= Google’s transformer)

– room for improvement of neural HMM (in MT and ASR, too!)
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5 Summary and Conclusions

• Bayes decision theory and statistical approach:

principal ingredients

– choice of performance measure: errors at sequence, word, phoneme, frame level

– probabilistic models at these levels and the interaction between these levels

– training criterion along with an optimization algorithm

– Bayes decision rule: search/decoder with an efficient implementation

• deep learning:

– defines one family of probabilistic models within statistical approach

– baseline structure: matrix-vector product + nonlinearities

– yes, resulted in significant improvements

• history of machine learning and statistical classification:

– there has been and will be life outside deep learning

– we must get not only the principles, but also the details right
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Machine Learning and Statistical Decision Theory for HLT

Training
Data

Test
Data

Probabilistic
Models

Performance Measure
(Loss Function)

 Training Criterion

Combinatorial Optimization
(Search)

Output

Parameter
Estimates

Evaluation

Numerical Optimization

Bayes Decision Rule
(Exact Form)
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Challenges

• challenges for general machine learning:

– mathematical optimization with huge complexity:

we need a theoretical framework for practical aspects of gradient search

– can we find ANNs with more explicit probabilistic structures?

– novel structures beyond matrix-vector product + nonlinearties?

• challenges in ASR:

– to continue the general improvements (ongoing for 40 years!)

– task: informal colloquial speech (meetings)

– robustness wrt acoustic conditions and language context

(improved adaptation ?)

• unsupervised training for ASR:

machine learning with (virtually) no labeled data?

• features for ASR beyond spectral analysis/Fourier transform:

– recent work [Tüske & Golik 2014, Sainath et al. 2015, Baevski & Schneider+ 2020]

– real and consistent improvements over spectral analysis?

• architecture for speech translation:

challenge: handle three types of training data
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Tasks in Human Language Technology:

Speech-to-Text Translation

TEXT IN

TARGET LANGUAGE

TEXT IN

SOURCE LANGUAGE

SPEECH SIGNAL IN

SOURCE LANGUAGE
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Tasks in Human Language Technology:

Speech-to-Text Translation

TEXT IN

TARGET LANGUAGE

TEXT IN

SOURCE LANGUAGE

SPEECH SIGNAL IN

SOURCE LANGUAGE
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END

BACK-UP SLIDES

ASR + MT: From Bayes to Deep Learning
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Tasks in Human Language Technology:

Speech-to-Speech Translation

SPEECH SIGNAL IN

TARGET LANGUAGE

TEXT IN

TARGET LANGUAGE

TEXT IN

SOURCE LANGUAGE

SPEECH SIGNAL IN

SOURCE LANGUAGE
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Tasks in Human Language Technology:

Speech-to-Speech Translation

SPEECH SIGNAL IN

TARGET LANGUAGE

TEXT IN

TARGET LANGUAGE

TEXT IN

SOURCE LANGUAGE

SPEECH SIGNAL IN

SOURCE LANGUAGE
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Sequence-to-Sequence Processing:

Direct HMM and Attention Model

time

A

L

E

X

· · · · · ·

·
·
·

·
·
·

·
·
·

·
·
·
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Language Modeling and Artificial Neural Networks

History:

• 1989 [Nakamura & Shikano 89]:

English word category prediction based on neural networks.

• 1993 [Castano & Vidal+ 93]:

Inference of stochastic regular languages through simple recurrent networks

• 2000 [Bengio & Ducharme+ 00]:

A neural probabilistic language model

• 2007 [Schwenk 07]: Continuous space language models

2007 [Schwenk & Costa-jussa+ 07]: Smooth bilingual n-gram translation (!)

• 2010 [Mikolov & Karafiat+ 10]:

Recurrent neural network based language model

• 2012 RWTH Aachen [Sundermeyer & Schlüter+ 12]:

LSTM recurrent neural networks for language modeling

today: ANNs in language show competitive results.
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Machine Translation

History of NN based approaches to MT:

• 1997 [Neco & Forcada 97]:

asynchronous translations with recurrent neural nets

• 1997 [Castano & Casacuberta 97, Castano & Casacuberta+ 97]:

machine translation using neural networks and finite-state models

• 2007 [Schwenk & Costa-jussa+ 07]:

smooth bilingual n-gram translation

• 2012 [Le & Allauzen+ 12, Schwenk 12]:

continuous space translation models with neural networks

• 2014 [Devlin & Zbib+ 14]:

fast and robust neural networks for SMT

• 2014 [Sundermeyer & Alkhouli+ 14]:

recurrent bi-directional LSTM RNN for SMT

• 2015 [Bahdanau & Cho+ 15]:

joint learning to align and translate
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6 Formal Proofs: Bayes Decision Rule
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6.1 Metric Loss Function: 50%-Rule

general form of (pseudo) Bayes decision rule:

x → c∗(x) = argmin
c

{
L[c|x]}

with L[c|x] :=
∑

c̃

p(c̃|x) L[c̃, c]

with p(c|x) being either the true distribution pr(c|x) or a normalized model pϑ(c|x)
(note: purely mathematical statements about equivalence)
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Basic Inequality for Metric Loss Function

expected loss:

L[c|x] :=
∑

c̃

p(c̃|x) L[c̃, c]

consider difference in expected loss

for two classes ĉ and c̃ with an observation x:

L[ĉ|x] − L[c̃|x] =
∑

c

p(c|x) (
L[c, ĉ] − L[c, c̃]

)

= p(ĉ|x) (
L[ĉ, ĉ] − L[ĉ, c̃]

)
+

∑

c 6=ĉ

p(c|x) (
L[ĉ, c] − L[c̃, c]

)

identity/reflexivity: L[ĉ, ĉ] = 0

triangle inequality: L[ĉ, c] − L[c̃, c] ≤ L[ĉ, c̃]

≤ −p(ĉ|x) L[ĉ, c̃] + [1 − p(ĉ|x)] L[ĉ, c̃]

= [1 − 2 p(ĉ|x)] L[ĉ, c̃]

L[ĉ|x] ≤ L[c̃|x] + [1 − 2 p(ĉ|x)] L[ĉ, c̃]
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Important Conclusion: 50% Rule

For any pair of classes ĉ and c̃, we have shown:

L[ĉ|x ≤ L[c̃|x] + [1 − 2 p(ĉ|x)] L[ĉ, c̃]

analysis:

• assumption: p(ĉ|x) ≥ 0.5:

hence [1 − 2 p(ĉ|x)] L[ĉ, c̃] ≤ 0 and

L[ĉ|x] ≤ L[c̃|x] for all c̃

• conclusion: consider the decision rule for 0/1 loss function:

x → ĉx = argmax
c

p(c|x)

if p(ĉx|x) > 0.5, then this string is the minimizing string in the the Bayes decision rule

with any metric loss function
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Application to ASR: WER = edit distance

more details in literature: [Schlüter & Scharrenbach+ 05]

experiments on 5k-WSJ recognitions (740 sentences = 12137 words)

with 0/1 loss rule c0(x) and edit distance rule c∗(x):

case distinction sentences [%] WER [%]

A: theory: 50% threshold 54 1.1

B: theory: extended 50% threshold 8 3.6

C: experiment: c0(x) = c∗(x) 31 6.6

D: experiment: c0(x) 6= c∗(x) 7 11.8 → 10.6

all cases 100 4.0 → 3.9

experimental conditions:

• a trained model p(c|x) is used rather than true distribution

• use of N -best lists: N = 10 000

• use of scaling exponent for language model

experimental result: 0/1 and edit distance rules differ only for high error rates!
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6.2 Pseudo Bayes Decision Rule: Mismatch Conditions and Training

Bayes decision rule and mismatch conditions:

• optimality of Bayes decision rule:

proved only under the condition that we use the true distribution

• real world:

the true distribution is replaced by a model distribution,

whose parameters are learned from data.

• mismatch condition:

o the model distribution is different from the true distribution

o how does this mismactch effect the optimality of the Bayes decision rule?

o can we train model for optimum performance/minimum classification error?

methodology:

– purely theoretical/mathematical

– bounds on classification error
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central role of performance measure or classification error:

Probabilistic
Models

Performance Measure
(Cost Function)

Training Criterium
(+ Eff. Algorithm)

Bayes Decision Rule
(+ Eff. Algorithm)
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Illustration of the Statistical Approach

Training
Data

Test
Data

Probabilistic
Models

Performance Measure
(Loss Function)

 Training Criterion

Combinatorial Optimization
(Search)

Output

Parameter
Estimates

Evaluation

Numerical Optimization

Bayes Decision Rule
(Exact Form)
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emphasis here:

– recognition performance: classification error for atomic outputs,

i. e. single symbols or symbol strings as a whole

– relationship between classification error and training criteria

three contributions:

• we study the model-based classification error

as opposed to the Bayes classification error

• we derive upper bounds for the model-based classification error

more exact: the difference between model-based and Bayes classification errors

• we show that these bounds result in three practical training criteria

(squared error, cross-entropy and binary cross-entropy):

widely used, but relation to error rate is not known
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Remotely Related Work

• bounds to Bayes classification error [Fukunaga 72, Duda & Hart 73]:

– widely known in statistical classification (incl. information theory)

– not useful in this context

• bounds to model-based classification error [Devroye & Györfi+ 96]:

limited to two-class recognition tasks

• Vapnik’s framework of empirical risk minimization [Vapnik 98]:

emphasis on statistical variability across training samples

• specific area of ASR: [Printz & Olsen 01; Klakow & Peters 02; ...]

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 243 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



machine learning/pattern recognition:

most important goal: minimum classification error and nothing else

• present situation: hodge-podge of TRAINING CRITERIA:

– maximum likelihood and Bayes estimation

– conditional likelihood

– maximum mutual information (information theory)

– cross entropy

– minimum squared error

– empirical (smoothed) error rate

– decision trees (CART): Gini index and (Shannon) entropy

– error-related criteria for specific tasks:

– linear discriminant analysis (e.g. ’volume’ of scatter matrices)

– feature selection and extraction

– optimum margin for class separation

– ...
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• missing: consistent framework for the links to classification error

– what is the relation among these criteria?

– when should what criterion be used?

– what is the relation with the classification error?

• why should such an analysis be helpful?

– today’s systems are very complex

– many shortcuts/approximations whose effects are hard to understand

– mathematical model and analysis: clear concepts, no side effects
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Preview

topics of this lecture:

conditions and aspects related to optimal performance according to Bayes decision rule

• Bayes decision rule: exact form:

e.g. sentence/string error vs. word error in ASR

• unknwon true distribution:

– mismatch conditions: true distribution pr(c|x) vs. model distribution pϑ(c|x)
– question: do we loose the optimality by these mismatch conditions?

• training criteria:

– upper bounds for the difference between model and Bayes classification error

– derived from the above upper bounds

– relation between different training criteria

• questions:

– do we need the true distribution for optimal performance? (necessary condition?)

– do we need probability models at all? (as opposed to discriminant functions)

interpretation: a mathematically correct justification of the probabilistic approach
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Decision Rule under Mismatch Conditions

model-based decision rule cϑ(·):

x → cϑ(x) := argmax
c

{

pϑ(c, x)
}

For the error bounds, we will distinguish three types of model outputs

(as for the training criterion of ANNs):

• unconstrained output:

pϑ(c, x) ∈ IR

• constrained output:

pϑ(c, x) ∈ [0, 1]

• normalized output:

pϑ(c|x) ∈ [0, 1] and
∑

c

pϑ(c|x) = 1
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Example: Three Types of Model Outputs

example:

• unconstrained output: scoring function for x ∈ IRD

gϑ(c, x) = αc + λT
c x + xΛcx

T

note: quadratic in x and linear in parameters ϑ = {αc ∈ IR, λc ∈ IRD,Λc ∈ IRD·D}
• constrained output: logistic regression (ANN: sigmoid function):

pϑ(c, x) =
1

1 + exp
[ − gϑ(c, x)

]

• normalized output: log-linear model (ANN: softmax):

pϑ(c|x) =
exp

[
gϑ(c, x)

]

∑

c′ exp
[
gϑ(c′, x)

]

this example: the decision output does not change:

x → cϑ(x) = argmax
c

gϑ(c, x) = argmax
c

pϑ(c, x) = argmax
c

pϑ(c|x)
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Conventional Models

examples of typical model distributions:

• artificial neural net (or discriminant function)

• non-parametric model for discrete x

• maximum entropy or log-linear model

• decision tree (CART) approach

• classical approach (generative model, noisy-channel model):

pϑ(c|x) =
pϑ(c) · pϑ(x|c)

∑

c′
pϑ(c′) · pϑ(x|c′)

with class priors pϑ(c) and class-conditional model pϑ(x|c),
e.g. single Gaussian distribution or Gaussian mixture

• Hidden Markov Model (in the classical approach)

for an observation string x = xT
1
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Bayesian Modelling and Predictive Distribution

idea of ’true’ Bayesian modelling:

• model: p(y|λ) with y = (x, c) and unknown parameter λ

• labelled training data: Y = {(xn, cn) : n = 1, ..., N}
• prior distribution for λ

formalism: compute predictive distribution

p(y|Y ) =

∫

dλ p(y|λ) p(λ|Y ) p(λ|Y ) =
p(λ) p(Y |λ)

∫
dλ p(λ) p(Y |λ)

theoretical advantage (?): no training problem

in practice: pϑ(y|Y )

with other-type of unknown parameters ϑ:

• what prior distribution p(y|λ)
and what hyperparameters?

• what type of model p(y|λ) ?

(Bayesian term: model selection)
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Classification Errors: Two Types

key questions about (classification) error:

• how does the mismatch between the true distribution pr(c, x)

and the model distribution pϑ(c, x) affect our approach?

• if the model pϑ(c, x) approximates the true distribution pr(c, x):

does the model error approximate the Bayes error? If yes, how tight?

partially published in 2003 [Ney 03]

this approach:

• upper and tight bound

on the difference between model and Bayes classification error

• bound is a smooth convex function of the model

• bound can be re-written as a practical discriminative training criterion
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Classification Errors: Two Types

decision rules:

model: cϑ(x) = argmax
c

{pϑ(c, x)}
Bayes: c∗(x) = argmax

c
{pr(c|x)}

classification errors:

model: Eϑ =
∑

x
pr(x)

∑

c
pr(c 6= cϑ(x)|x) =

∑

x

pr(x)
[

1 − pr(cϑ(x)|x)
]

Bayes: E∗ =
∑

x
pr(x)

∑

c
pr(c 6= c∗(x)|x) =

∑

x

pr(x)
[
1 − pr(c∗(x)|x)

]

=
∑

x

pr(x)
[
1 − max

c
pr(c|x)]

consider the difference in classification error:

Eϑ − E∗ =
∑

x

pr(x)
[
pr(c∗(x)|x) − pr(cϑ(x)|x)

]

=
∑

x

pr(x)
[
Eϑ(x) − E∗(x)

]

using the local classification errors Eϑ(x) and E∗(x) in point x
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Basic Inequality

consider difference of local classification errors in point x:

Eϑ(x) − E∗(x) = pr(c∗(x)|x) − pr(cϑ(x)|x)

use: pϑ(c, x) ≤ pϑ(cϑ(x), x)

≤ pr(c∗(x)|x) − pr(cϑ(x)|x) + pϑ(cϑ(x), x) − pϑ(c∗(x), x)

=
[
pr(c∗(x)|x) − pϑ(c∗(x), x)

]
+

[
pϑ(cϑ(x), x) − pr(cϑ(x)|x)

]

apply: u ≤ |u|

≤
∣
∣pr(c∗(x)|x) − pϑ(c∗(x), x)

∣
∣ +

∣
∣pr(cϑ(x)|x) − pϑ(cϑ(x), x)

∣
∣

≤
∑

c

∣
∣pr(c|x) − pϑ(c, x)

∣
∣

last step: all remaining classes are included to arrive at l1 norm
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Local Bounds using lr Norms

l1 bound:

Eϑ(x) − E∗(x) ≤
∑

c

|pr(c|x) − pϑ(c, x)|

l∞ (or maximum) bound:

Eϑ(x) − E∗(x) ≤ 2 · max
c

{ |pr(c|x) − pϑ(c, x)|
}

l2 bound (follows from l∞):

Eϑ(x) − E∗(x) ≤ 2 ·
√
∑

c

[pr(c|x) − pϑ(c, x)]
2

note: these local bounds for x are TIGHT in the following sense:

if pϑ(c, x) → pr(c|x) then Bound → 0

and Eϑ(x) → E∗(x)
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From Global Bounds to Training Criteria

l1 bound: consider the difference between the local error rates:

Eϑ(x) − E∗(x) ≤
∑

c

∣
∣pr(c|x) − pϑ(c, x)

∣
∣

two operations for moving from local to global bounds:

• summation over x using pr(x):

Eϑ − E∗ ≤
∑

x

pr(x)
∑

c

∣
∣pr(c|x) − pϑ(c, x)

∣
∣

• squaring and using the variance inequality:

(
Eϑ − E∗

)2 ≤
(∑

x

pr(x)
∑

c

∣
∣pr(c|x) − pϑ(c, x)

∣
∣

)2

≤
∑

x

pr(x)
(∑

c

∣
∣pr(c|x) − pϑ(c, x)

∣
∣

)2

l2 bound: similar procedure

result: all global bounds apply to the SQUARE of the difference in classification error
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Unconstrained Output: Squared Error Bound

identity for squared error (normalized pc, arbitrary qc!)

[Patterson & Womack 66, Bourlard & Wellekens 89]:

∑

c

[pc − qc]
2 =

∑

c

pc

∑

c′
[qc′ − δc′c]

2 −
(

1 −
∑

c

p2
c

)

re-write the l2 bound (using variance inequality):

Eϑ(x) − E∗(x) ≤ 2 ·
√

∑

c

[pr(c|x) − pϑ(c, x)]
2

(
Eϑ − E∗

)2 ≤ 4
∑

x

pr(x)
∑

c

[pr(c|x) − pϑ(c, x)]
2

= 4
∑

x

pr(x)
(∑

c

pr(c|x)
∑

c′

[
pϑ(c

′, x) − δ(c′, c)
]2 − [

1 −
∑

c

pr2(c|x)]
)

= 4
(∑

x,c

pr(x, c)
∑

c′

[
pϑ(c

′, x) − δ(c′, c)
]2 −

∑

x

pr(x)
[
1 −

∑

c

pr2(c|x)]
)

practical relevance: we switched from true distribution to ideal targets
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Squared Error Bound

summary of re-writing:

(
Eϑ − E∗

)2 ≤ 4
(∑

x,c

pr(x, c)
∑

c′

[
pϑ(c

′, x) − δ(c′, c)
]2 −

∑

x

pr(x)
[
1 −

∑

c

pr2(c|x)]
)

training criterion for minimum classification error: minimize the upper bound

only the left term of the bound depends on ϑ:

F (ϑ) :=
∑

x,c

pr(c, x)
∑

c′

[
pϑ(c

′, x) − δ(c′, c)
]2

which is the well-known squared error criterion.

For training data (xn, cn), n = 1, ..., N , we use the empirical average:

ϑ̂ := argmin
ϑ

{F (ϑ)}

= argmin
ϑ

{
N∑

n=1

∑

c

[
pϑ(c, xn) − δ(c, cn)

]2
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Constrained Output: Binary Divergence

inequality [Cover & Thomas 91, pp. 300] for 0 ≤ pc, qc ≤ 1:

2 · [pc − qc]
2 ≤ pc log

pc

qc
+ (1 − pc) log

1 − pc

1 − qc

right-hand side: binary divergence or binary relative

re-write the squared error bound:

(
Eϑ − E∗

)2 ≤ 4
∑

x

pr(x)
∑

c

[

pr(c|x) − pϑ(c, x)
]2

≤ 2
∑

x

pr(x)
∑

c

(

pr(c|x) log
pr(c|x
pϑ(c, x)

+ [1 − pr(c|x)] log
1 − pr(c|x)
1 − pϑ(c, x)

)

= 2
∑

x

pr(x)
∑

c

pr(c|x)
∑

c′
log

1 − |δ(c′, c) − pr(c′|x)|
1 − |δ(c′, c) − pϑ(c′, x)|

= 2
∑

x,c

pr(x, c)
∑

c′
log

1 − |δ(c′, c) − pr(c′|x)|
1 − |δ(c′, c) − pϑ(c′, x)|
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Binary Divergence Bound

summary of re-writing:

(
Eϑ − E∗

)2 ≤ 2
∑

x,c

pr(x, c)
∑

c′
log

1 − |δ(c′, c) − pr(c′|x)|
1 − |δ(c′, c) − pϑ(c′, x)|

training criterion for minimum classification error: minimize the upper bound

only the denominator of the argument of the logarithm depends on ϑ:

F (ϑ) =
∑

x,c

pr(x, c)
∑

c′
log [1 − |δ(c′, c) − pϑ(c

′, x)|]

=
∑

x,c

pr(x, c)
(

log pϑ(c, x) +
∑

c′ 6=c

log [1 − pϑ(c
′, x)|]

)

which is the so-called binary cross-entropy criterion [Solla & Levin+ 88].

For training data (xn, cn), n = 1, ..., N , we use the empirical average:

ϑ̂ := argmax
ϑ

{F (ϑ)}

= argmax
ϑ

{∑

n

(

log pϑ(cn, xn) +
∑

c 6=cn

log [1 − pϑ(c, xn)]
)}
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Normalized Output: Kullback-Leibler Divergence Bound

Pinsker inequality for two distributions (normalized!) pc and qc
[Fedotov & Harremoes+ 03], [Cover & Thomas 91, pp. 300]:

(∑

c

|pc − qc|
)2

≤ 2 ·
∑

c

pc log
pc

qc

right-hand side: the Kullback-Leibler divergence (or relative entropy)

re-write l1 bound (using variance inequality):

Eϑ(x) − E∗(x) ≤
∑

c

|pr(c|x) − pϑ(c|x)|
(

Eϑ − E∗
)2

≤
∑

x

pr(x)
(∑

c

|pr(c|x) − pϑ(c|x)|
)2

≤ 2 ·
∑

x

pr(x)
∑

c

pr(c|x) log
pr(c|x)
pϑ(c|x)

= 2 ·
∑

x

pr(x)
∑

c

pr(c|x) [ log pr(c|x) − log pϑ(c|x)
]
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Kullback-Leibler Bound

summary of re-writing:

(

Eϑ − E∗
)2

≤ 2 ·
∑

x

pr(x)
∑

c

pr(c|x) [ log pr(c|x) − log pϑ(c|x)
]

training criterion for minimum classification error: minimize the upper bound

only the right term depends on ϑ:

F (ϑ) :=
∑

x

∑

c

pr(x, c) log pϑ(c|x)

which is the so-called cross-entropy or log-probability criterion.

For training data (xn, cn), n = 1, ..., N , we use the empirical average:

ϑ̂ := argmax
ϑ

{F (ϑ)}

= argmax
ϑ

{∑

n

log pϑ(cn|xn)
}
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Cross-Entropy or Log-Probability Criterion

criterion: log class posterior probability:

• links to information theory:

maximum mutual information and equivocation

• criterion used in discriminative training, e.g. log-linear modelling:

max
ϑ

{ N∑

n=1

log pϑ(cn|xn)
}

as opposed to conventional maximum likelihood:

max
ϑ

{ N∑

n=1

log pϑ(xn|cn)
}

• solution for fully saturated model (with counts N(c, x)):

p̂ϑ(c|x) = pr(c|x) = N(c, x)
/
N(·, x)

also used for decision trees (CART): (Shannon) entropy criterion
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Conclusions

summary:

• goal: to study the model-based classification error

– explicit distinction to Bayes classification error

– tight bounds on model-based classification error

• three resulting bounds:

– squared error: unconstrained model outputs

– binary divergence: constrained model outputs

– Kullback-Leibler distance: normalized model outputs

associated training criteria are well known,

but their relation to classification error was unknown

• applications:

– discriminative training, neural nets and log-linear modelling

– discriminative training in speech recognition (HMM)

– splitting criteria in CART

– ...
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open issues:

• linear bounds in classification error Eϑ:

are there tight linear bounds rather than quadratic ones?

• estimation problem:

statistical fluctuations from training sample to test sample?

• compound decisions, i.e. decisions in context:

e.g. in speech recognition and natural language processing:

how to separate the contribution of each system component (knowledge source) ?
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Classification Error: Overview of Issues

questions and issues:

• classical bounds on Bayes classification error

• mismatch condition:

- general case: true distribution and model

- special case: effect of class prior model only?

• Bayes-Bayes condition:

- two true distributions

- what is the difference of the classification errors?

• omitted/additional features:

how much does the classification error change?

• classification in context:

- typical situation: STRING of class symbols

- issue: string error vs. symbol error

- how much does the context help to reduce the classification error?
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Error Bounds: Summary

atomic decisions (or at string level):

• we have studied the model-based classification error

– explicit distinction between Bayes and model error

– tight bounds on the squared difference

• three resulting bounds and associated training criteria:

– squared error: unconstrained model outputs

– binary divergence: constrained model outputs

– Kullback-Leibler divergence: normalized model outputs

• associated training criteria are well known,

but their relation to classification error was unknown

open issues:

– how to go from discriminative training to generative training

– how to go from single symbols to symbol strings
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6.3 Smoothed Error Count: MCE

MCE: minimum classification error

• concept: learn the parameters of the model in such a way

that the empirical error rate on the training data is minimized

• optimization criterion:

requires a smoothing of the classification error count:

– weak rival class: error count → 0

– strong rival class: error count → 1

• optimization strategy: gradient search

• history:

– general principle well known in machine learning since 1970

– used in ASR: [Juang & Katagiri 92, Juang & Chou+ 97]

• practice:

– not widely used

– replaced by methods called expected loss or minimum Bayes risk

H. Ney: ASR+MT – From Bayes to DL version: May 3, 2022 267 Tutorial, May 03: IbPRIA, May 4-6, 2022, Aveiro/Protugal



Minimum Classification Error

consider a training sample (xn, cn) using non-negative model outputs pϑ(c, x):

pϑ(cn, xn)
?
> maxc 6=cn

{
pϑ(c, xn)

}

pϑ(cn, xn)
?
>

(∑

c 6=cn
pr
ϑ(c, xn)

)1/r

pr
ϑ(cn, xn)

?
>

∑

c 6=cn
pr
ϑ(c, xn)

pr
ϑ(cn, xn)

∑

c 6=cn
pr
ϑ(c, xn)

?
> 1

using this final comparison, we smooth the counts using

an (inverted) sigmoid function:

F (ϑ) =
1

N

N∑

n=1

1

1 +
( pr

ϑ(cn, xn)
∑

c 6=cn
pr
ϑ(c, xn)

)b

– parameter r > 1: controls the sharpness of the model distribution pϑ(c, x)

– parameter b > 0: controls the smoothness of the counting function h[·]:
u → h[u] := 1

/
[1 + exp(b · log u)] = 1

/
[1 + ub]
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Plots: Smoothing the Classification Error Count

log u → h[u] :=
1

1 + exp(b · log u)
with u :=

pr
ϑ(cn, xn)

∑

c 6=cn
pr
ϑ(c, xn)
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Smoothed Error Count: Another Concept

considerations:

• MCE: minimum classification error [Juang & Katagiri 92, Juang & Chou+ 97]

– define smoothed classification error count and use it as training criterion

– characteristic: explicit use of rival classes

• alternative approach

[Hampshire & Pearlmutter 90], [Bishop 95a, pp. 245-247]:

– question: what is the optimal smoothing function?

optimality criterion: smoothed error count

– in addition: we want to get back the class posterior distribution

as optimal model

• this presentation: related, but slightly different concept:

– define the smoothed error count as a function of

the unknown smoothing function

– analyze the resulting optimization problem and introduce necessary constraints:

result = logarithmic scoring
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Smoothed Error Count: Another Concept

(pseudo) Bayes decision rule using model pϑ(c, x):

x → cϑ(x) = argmax
c

{
pϑ(c, x)

}

consider a training sample (xn, cn) using model outputs pϑ(c, x) ≥ 0:

pϑ(cn, xn)
?
> max

c 6=cn

{

pϑ(c, xn)
}

pϑ(cn, xn)
?
>

( ∑

c 6=cn

pr
ϑ(c, xn)

)1/r

with smoothing exponent r

pr
ϑ(cn, xn)

?
>

∑

c 6=cn

pr
ϑ(c, xn)

2 pr
ϑ(cn, xn)

?
>

∑

c

pr
ϑ(c, xn)

pr
ϑ(cn, xn)

∑

c p
r
ϑ(c, xn)

?
>

1

2

result: rival classes are absorbed by the re-normalization and disappear!
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Smoothed Error/Accuracy Count: Another Concept

• define a new model with normalization

(note notation: symbol q(c|x) includes parameters ϑ and r):

q(c|x) :=
pr
ϑ(c, x)

∑

c′ p
r
ϑ(c

′, x)

• inverse error count = accuracy count:

count the correct decisions on training data (xn, cn), n = 1, ..., N

(with the usual definition of the empirical distribution pr(x, c))

using a smooth monotonic counting function h (e.g. sigmoid function):

h : u ∈ IR → h[u] ∈ IR

F (h, q) =
1

N
·

N∑

n=1

h
[
q(cn|xn)

]

=
∑

x,c

pr(x, c) · h[q(c|x)] =
∑

x

pr(x)
∑

c

pr(c|x) · h[q(c|x)]

• question: what is an "optimal" count function h[·]?
answer: analyze optimization problem and consider useful constraints
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DRAFT: Smoothed Accuracy Count and Logarithmic Scoring

• result: smoothed count with unknown count function h[·]:

F (h, q) :=
∑

x

pr(x)
∑

c

pr(c|x) · h[q(c|x)]

︸ ︷︷ ︸

:= F (h, q;x)

• result: criterion to be optimized over function h[·] in any point x:

F (h, q;x) =
∑

c

pr(c|x) · log exp
(
h
[
q(c|x)]

=
∑

c

pr(c|x) log pr(c|x) +
∑

c

pr(c|x) · log exp
(
h
[
q(c|x)])

pr(c|x)
︸ ︷︷ ︸

:= ∆F (h, q;x) ≤ log
∑

c exp
(
h
[
q(c|x)])

where the inequality is based on the log-sum inequality for ak, bk > 0:

∑

k

bk
(∑

k′ bk′
) log

ak

bk
≤ log

∑

k ak
∑

k bk
∑

k′
bk′ = 1 :

∑

k

bk log
ak

bk
≤ log

∑

k

ak
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DRAFT: Smoothed Accuracy Count and Logarithmic Scoring

• upper bound (remember: accuracy count):

∆F (h, q;x) :=
∑

c

pr(c|x) · log exp
(
h
[
q(c|x)])

pr(c|x) ≤ log
∑

c

exp
(
h
[
q(c|x)])

choose logarithm for h(u): h(u) := log u

• resulting effects:

– upper bound is independent of x and of the model {q(c|x)}
– thus we avoid the dependence of counting function h(u) on model {q(c|x)}

∑

c

exp
(
h
[
q(c|x)]) =

∑

c

exp
(
log

[
q(c|x)]) =

∑

c

q(c|x) = 1

∆F (h, q;x) =
∑

c

pr(c|x) · log q(c|x)
pr(c|x) ≤ log 1 = 0

• optimal model q(c|x) on training data with pr(c|x):
– criterion: maximimize the accuracy count over unknown model q(c|x)
– optimal solution (using divergence inequality):

q̂(c|x) = pr(c|x)
(note: the upper bound is attained then)
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6.4 Kullback-Leibler Bound: Refinements and Strings

• maximum likelihood training:

clear result: cross-entropy must always be better

• structured output: from single symbols to strings

– strings with synchronization: yes

– strings without synchronization: no simple proof
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From Discriminative to Generative Training

ASR (and other NLP) systems:

generative approach with an explicit language model

generative approach:

true distribution: pr(c, x) = pr(c) · pr(x|c)
model distribution: q(c, x) = q(c) · q(x|c)

with

– class prior or language distribution: q(c) and pr(c)

– observation distribution: q(x|c) and pr(x|c)
note: change in notation: model q(c, x) rather than pϑ(c, x)

we compute the ’class posterior’ model by re-normalization:

q(x) =
∑

c

q(c, x)

q(c|x) =
q(c, x)

q(x)
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Training: Generative vs. Discriminative Model

re-write (Kullback-Leibler) divergence bound:

1

2
· [E∗ − Eq]

2 ≤
∑

x,c

pr(c, x) log
pr(c|x)
q(c|x)

re-write q(c|x): q(c|x) = q(c, x)/q(x) q(x) :=
∑

c

q(c, x)

and pr(c|x) similarly

=
∑

x,c

pr(c, x) log
pr(c, x)/pr(x)

q(c, x)/q(x)

=
∑

x

pr(x) log
q(x)

pr(x)
︸ ︷︷ ︸

≤0

+
∑

x,c

pr(c, x) log
pr(c, x)

q(c, x)
︸ ︷︷ ︸

≥0

≤
∑

x,c

pr(c, x) log
pr(c, x)

q(c, x)

=
∑

c

pr(c) log
pr(c)

q(c)
+

∑

x,c

pr(c, x) log
pr(x|c)
q(x|c)
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Training: Generative vs. Discriminative Model

summary of re-writing the (Kullback-Leibler) divergence bound:

1

2
· [E∗ − Eq]

2 ≤
∑

x,c

pr(c, x) log
pr(c|x)
q(c|x)

≤
∑

x,c

pr(c, x) log
pr(c, x)

q(c, x)
=

∑

c

pr(c) log
pr(c)

q(c)
+

∑

x,c

pr(c, x) log
pr(x|c)
q(x|c)

interpretations:

– first line: divergence of the posterior distributions → cross-entropy training

– second line: divergence of joint distribution → maximum-likelihood training

observations:

• absolute minimum of upper bound: zero is attained if

– discriminative model: q̂(c|x) = pr(c|x)
– generative model: q̂(c, x) = pr(c, x)

• if absolute minimum is NOT attained:

– discriminative bound is better than generative bound

– discriminative training (cross-entropy) is always better (in terms of classification error)

than generative training (maximum likelihood)
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Generative vs. Discriminative Model: Conclusions

generative models:

• training criterion: joint probability (in most general case)

= maximum likelihood of prior model p(c) and of class-conditional model p(x|c)
• provides also an upper bound to the squared difference of the classification error

• but: is always worse than the discriminative criterion
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6.5 Symbol Strings: Models of Posterior Probability
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From Single Symbols to Symbol Strings

model with 1:1 correspondence between class labels cN1 and observations xN
1

(string length N is known):

observations: x1 x2 ... xn−1 xn xn+1 ... xN−1 xN

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
| | | | | | | | |
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

class labels: c1 c2 ... cn−1 cn cn+1 ... cN−1 cN

typical problems:

– POS tagging (POS: parts of speech)

– frame labelling in ASR (incl. pronunciation and language models!)

– recognition problems with no problems of boundary detection:

isolated words, printed character recognition, ...
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Strings with Synchronisation

we fix a position n in the string:

• we compute the marginal probability in position n

from the model of string posterior probability q(cN1 |xN
1 ):

qn(c|xN
1 ) =

∑

cN1 :cn=c

q(cN1 |xN
1 )

similarly for the empirical distribution: prn(c|xN
1 )

• difference in classification error in position n: ∆Eq,n

useful: log-sum inequality for non-negative numbers ak and bk

(∑

k

ak

)

log

∑

k ak
∑

k bk
≤

∑

k

ak log
ak

bk
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Strings with Synchronisation

re-write Kullback-Leibler bound for (c, xN
1 ) in position n:

1

2
· ∆E2

q,n ≤
∑

xN
1

pr(xN
1 )

∑

c

prn(c|xN
1 ) log

prn(c|xN
1 )

qn(c|xN
1 )

=
∑

xN
1

pr(xN
1 )

∑

c

∑

cN1 :cn=c

pr(cN1 |xN
1 ) log

∑

cN1 :cn=c pr(cN1 |xN
1 )

∑

cN1 :cn=c q(cN1 |xN
1 )

(use log-sum inequality)

≤
∑

xN
1

pr(xN
1 )

∑

c

∑

cN1 :cn=c

pr(cN1 |xN
1 ) log

pr(cN1 |xN
1 )

q(cN1 |xN
1 )

=
∑

xN
1

pr(xN
1 )

∑

cN1

pr(cN1 |xN
1 ) log

pr(cN1 |xN
1 )

q(cN1 |xN
1 )

important results:

– training at string level improves symbol level, too!

– training at symbol level is always better than at string level
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